REPRESENTATIONS OF SEMISIMPLE LIE GROUPS. II

BY
HARISH-CHANDRA

In an earlier paper [5] we have established a close relationship between
an irreducible representation of a semisimple Lie group on a Banach space
and the corresponding representation of its Lie algebra. The object of the
present paper is to make a deeper study of the representations of the algebra.
We shall show that every irreducible representation of the group (at least in
case it is complex) is infinitesimally equivalent to one constructed in a cer-
tain standard way (Theorem 4). This is the principal result of this paper.
Although the proof is rather long the idea behind it is quite simple and has
been employed before (see [3]). It can be explained as follows. Let B be the
universal enveloping algebra of the Lie algebra g of our group. The finite-
dimensional representations of B are very well known and their knowledge
enables us to deduce certain algebraic identities in 8. Since these identities
must be preserved in every representation, they provide us with useful in-
formation about infinite-dimensional representations as well. Roughly speak-
ing one can say that the representations of finite degree are characterised by
a certain set of parameters which take integral values. If we keep to the
same algebraic pattern but give arbitrary complex values to these parameters
we obtain the infinite-dimensional representations.

The results of this paper were obtained in the summer of 1951 and they
have been announced in a short note [4(b)].

1. Proof of Theorem 1. Let g, be a semisimple Lie algebra over the ﬁeld
R of real numbers. We denote by g its complexification. Define £, p, fo, and po
asin [5, Part I]. Let ¢ be the center of f and ¥ the derived algebra of f. Then
¥’ is semisimple and f is the direct sum of ¢ and ¥'. Moreover { is reductive
in g (see [5, Lemma 3]). Let Q' be the set of all equivalence classes of finite-
dimensional simple representations of ¥. Let QF denote the subset consisting
of all D'EQ’ which occur in the reduction of some finite-dimensional repre-
sentation of g with respect to . Let B be the universal enveloping algebra of
g and %, ¥’ the subalgebras of B generated by (1, £) and (1, ¥') respectively.
Our main object at present is to prove the following theorem which provides
the basis for most of our subsequent arguments.

THEOREM 1. Let ) be a maximal left ideal in X’ such that the natural repre-
sentation() of ¥ on X'/ lies in some class in Q¢ . Let F(Y)') be the set of all
maximal left ideals I in B with the following two properties: (a) MDY';
(b) the space B/M is of finite dimension. Then BY =Nme ryH M.
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We first introduce some terminology. Let C be the field of complex numbers
and Vavector space over C. Letyy, - - -, ¥, bea finite set of independent com-
mutative indeterminates and C[y] the ring of polynomials in (y) with coeffi-
cient in C. Consider the tensor product VX C|[y] which we regard as a two-
sided C[y]-module so that if f, g&C[y] and v&E V we have f(vXg) = (Xg)f
=9Xfg. We may identify V with a subspace of this tensor product under the
mapping v—vX1. Then every element in VX C[y] can be written as a sum
of elements of the form vf where v¥& V and f & C[y]. We shall often refer to the
elements of VXC[y] as -polynomials in (y) with coefficients in V. In accord-
ance with this interpretation we shall write V[y] to denote VXC[y]. The
value of such a polynomial at the point y;=p;, 1 Sj=r (u;EC), is the element
in V obtained by replacing each y; by u;. If Vis an algebra we define multipli-
cation in V[y] according to the rule (v:1f1) (22f2) = V1) (fifs) (@1, 2 EV; fi, fa
€Cly]). This makes V[y] into an algebra.

Now consider the symmetric algebra S(g) over g. We identify S(g) with
the algebra of polynomial functions on g as explained in [5]. Moreover if [
is a linear subspace of g the symmetric algebra S({) may be regarded as a
subalgebra of S(g). Let A denote the canonical mapping of S(g) into ¥ which
was defined in [5, §2]. Since g is the direct sum of p, ¥, and ¢, it follows from
Lemma 10 of [5] that the mapping (f, g, k)—A({f)Mg)\(R) is a linear iso-
morphism of the tensor product S(p) X.S(f') X.S(c) with B. Put B=\(S(p)),
C=N(S(c)). If (wy)ier, (x5)jer, (Yi)rer - are bases for P, ¥, and € respectively,
then wx7y: and x;y, respectively are bases for 8 and %. This fact should be
constantly borne in mind during the following discussion.

We know that the simply-connected analytic group G corresponding to
gr=Fo+(—1)Y% is compact. Let K and K’ be the analytic subgroups of G
corresponding to fy and ¥J =I'Nf,.. We can choose a base I'{, - - -, I} for
co=¢NE, over R such that exp (I + - - - +4T/)EK' (4, - - -, L,ER) if
and only if ¢;/2w, 1 £j<r, are all integers. Put I';=(—1)Y2T'}. Then T}, - - -,
T, is a base for ¢ over C. Let M be a linear function on ¢. We shall say that M
is integral if m;= M(T';) are all integers =0 and in that case we write T'¥
=TTy - - - ™. Itis clear that every element 6&EPB can be written uniquely
in the form b= wyI'™ where wyEPX’ and M runs over all integral func-
tions. Let 3, - - -, ¥, be 7 independent commuting indeterminates. Put
yM =y . . . 97 where m;=M(T';) and M is integral. Then if we put a,(d)
= D m wuy™, the mapping a, is a linear isomorphism of B with B¥ [y]. If u
is a linear function on ¢ we shall denote by a,(b) the value of the polynomial
ay(b) at the point y;=u(T;), 1Sj=<r.

Now we come to the proof of Theorem 1 which would consist of three
stages.

First reduction. Let by be an element in B which is not in 8. Then we
have to find an ME F(YP’) such that boEM. We can write by in the form
bo= D u wul'™ (wyEPX’). Since boEBY’, the elements wy cannot all lie
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in BY’. Hence ay(bo) = D wuy¥&EPY [y]. Let wy, - - -, w; be a maximal
set of elements among wy which are linearly independent mod $9’. Then
ay(bo) = D i1 wifi(y) mod BY [y] where fi(y) EC[y] and not all fi(y) are
zero. So let us assume f1(y) #0. Then we can find an integral linear function u
on ¢ such that fi(u) #0 (fi(k) is the value of the polynomial fi(y) at y;=u(T;),
1<j<r). Put 9=%9'+ > 5., ¥T;—u(T;)). Then 9 is a left ideal in X. It
would be sufficient to find a maximal left ideal I in B such that b,FIM,
MDY, and dim B/M< . First of all we claim that bEBY. For since
I'j=p(;) mod P (1=j=7), bo=au(bo) mod BY. Therefore if 5,EBY, a,.(bo)
EBPNPX'. But BY=PY and therefore PPNPE' =PPONXE)=PY’. (In
order to prove these statements we have to make use of our earlier remarks
about bases.) Hence a,(bo) EBY’. But a(bo)= Y :.; fi(mw)w; mod PP’ and
w; (1=4¢=<s) are linearly independent mod P’ and fi(u)%0. Therefore
ou(bo) EPY’ and we get a contradiction. This shows that byEBY. Moreover
since ' =¥'MYP and T'=u(T') mod P (I'Ec) we may identify X/9 and ¥'/9’
in a natural way. Let p be the natural representation of f on X/9). Then p
coincides on f’ with its natural representation p’ on ¥’/9)'’. Since the equiva-
lence class of p’ lies in Q4 it is clear that p’ can be extended to a representa-
tion of K’ on ¥’/9’. Hence if we bear in mind the fact that the linear func-
tion u is integral, we see easily that p can also be extended to a representation
of K on ¥/9. Now K is a closed(?) subgroup of the compact group G and
therefore every finite-dimensional simple representation of K occurs in the
reduction of some representation of G of the same type. This shows that the
class D of p occurs in the reduction of some finite-dimensional representation
of g. Hence it is sufficient to prove the following lemma.

LEMMA 1. Let ) be a maximal left ideal in X such that the natural representa-
tion of ¥ on X/ s finite-dimensional and 1its equivalence class occurs in the re-
duction of some finite-dimensional representation of g with respect to . Then

BP= n M
NEFD)

where F(9) is the set of all left ideals M in B containing 9 for which dim B/M
<o,

The second step. We shall first prove this lemma in the special case when
P =%I. Let T denote the set of all finite-dimensional simple representations
m of g such that the zero representation of f occurs in . Let n, denote the
kernel of 7 in g.

(*) This is seen as follows. We know that o is the subalgebra of g; which consists of all
points which are left fixed by an automorphism of g of order two. K is therefore the com-
ponent of identity of the subgroup of G consisting of the fixed points of the corresponding auto-
morphism of G. Hence K is closed.
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LEMMA 2. N.gzn.CHL.

Consider the compact groups G and K defined above and let V be the factor
space G/K consisting of all cosets of the form xK (xEG). Then G operates
on V in the usual fashion. Let C(V) be the space of all continuous functions
on V. For any f&C(V) and x &G define p(x)f as the function v—f(x~) WE V)
on V. Then the mapping p: x—p(x) is a representation of G on C(V). LetCo(V)
be the set of those elements f& C(V) whose transforms p(x)f (xEG) span a
finite-dimensional subspace. Then it is well known that every continuous
function on V is the uniform limit of functions in Cy¢(V). Let us denote by
v, the coset K regarded as a point of V. Then if x&K, x~wo5%v,. Hence we
can find a continuous function f on V such that f(x~v,) #f(v,). Since f can be
approximated uniformly by elements in Co(V) we may assume that f lies in
Co(V). Let U be the linear space spanned by p(y)f (yEG) and let py be the
representation of G induced on U. Then py is a finite-dimensional continuous
representation of G and since p(x)f#f, x does not lie in the kernel of py. G
being compact, py is fully reducible and so we can find a simple component
o of py such that x is not in the kernel of o,. On the other hand it follows
from the Frobenius reciprocity relation (see Weil [7, p. 83]) that the trivial
representation of K occurs in ¢,. Now let X &g, X &fo. Then we can find a
real number ¢ such that exp ¢t X& K. Consider the representation ¢, cor-
responding to x =exp ¢ X. Then if 7 is the representation of g; (and therefore
of g) corresponding to o, it is clear that &2 and X &n,. This shows nMgx
C¥o where n=rczx .. Let n be the conjugation of g with respect to g so
that (X +(—1)12Y)=X—(—1)2Y (X, YEg). Let Z, be the set of all
matrix representations in Z. Then it is clear that n= M.z, n.. Now cor-
responding to any w &2, define a representation # by the rule #(X) =7 (3(X))
(X Eg) where w(9(X)) is the complex-conjugate of the matrix w(n(X)). It is
obvious that # &Z,, and n;=7%(n.) and therefore n(n) =n. Hence if XE&n,
X+9(X) and (—1)Y*(X —9(X)) are both in nM\gC¥Fo. Therefore X&f and
this proves the lemma.

Now let A be the intersection of all left ideals in F(Xf). We have to prove
that % = BE. First we shall show that Mg =1. Since A DT it is enough to prove
that ANp={0}. In order to do this we make use of an argument due to
E. Cartan [1]. Let p=%Npand let p; be theset of all ¥Ep such that B(X, ¥)
=sp(ad X ad ¥) =0 for all X &p;. Since the bilinear form B is nondegenerate
on ¢ and since f and p are orthogonal under B it follows that B is nonde-
generate on p and therefore p=yp;+4ps, prpe= {0} Let XE&p, YEp,, and
ZEL. Then B([X, Y], Z)=—B(Y, [X, Z]). Since ¥ is a left ideal containing
f and [f, p]Cp it is clear that [f, p;]Cp. Hence [X, Z]Ep, and therefore
B(Y, [X, Z])=0. This means that B([X, Y], Z)=0 for all ZCf. On the
other hand [X, Y]E[p, p]CF and since B is nondegenerate on f it follows
that [X, ¥]=0. Hence [pi, p:]={0}. Moreover [f, p.]Cp: and therefore
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[t, p2] Cp.. Let I be the centraliser of p, in £. Then we claim that p,+1 is an
ideal in g. Since [p1+1, p2]={0} it follows that

e+ Lol = [+ L] = [pn ] + [6 0]

But [py, p:1]CF and [ps, [p1, 3:]]={0}. Hence [p;, p:]CI. Furthermore we
know that [f, p:] Cp;. Therefore

[0 + L p] C L+ o

On the other hand since [f, p;]Cp, it is obvious that [f, []JCI. Hence
[pi+1, £]Cpi+1. This proves that p;+1 is an ideal in g and it is clear that
ADp+1.

Now suppose p; # {0} and let X 20 be an element in §;. Then from Lemma
2 we can find a finite-dimensional simple representation m of g such that
7(X)#0 and the zero representation of I occurs in w. Choose a vector Y0
in the representation space such that 7(Z)y =0 for all Z&f. We extend 7 to
a representation of 8 and consider the set, M of all elements 6 EYB such that
w(b)Y=0. Then it is obvious that ME F(¥f) and therefore MDOAD P, +1.
Since = is irreducible and p;+! is an ideal in g and since 7(p:+)y Cr (MY
= {0 } , it follows that 7 (Y) =0 for all Y &p;+!. Therefore in particular w(X)
=0. Since this contradicts our choice of 7, p1={0}.

Let p’ be the linear subspace of B spanned by the set (p, 1). We claim that
p’NA={0}. For suppose c+YEA (cEC, YEp). Then it follows from the
above result that if Y0 we can find an irreducible representation 7 of g on
a finite-dimensional space V and a vector Y0 in V such that 7 (X)y =0 for
all X&t and w(Y)y 0. Consider the representation m; of ¢ (and therefore
of 8B) induced on VXV. Let M, and M., respectively be the set of those ele-
ments b&EPB for which w(b)Y =0 and 7,(d) (Y Xy¥) =0. Then it is obvious that
M, and M,, are both in F(XF) and therefore AT M. NM,,. Now let V' =c+ 7.
Then

0

(V)W XY) =7V W XY+ ¥ X7V — (¥ X¥)
—c¥ X¥)

since ¥’EY. Hence ¢=0 and therefore YEANp={0}. This proves that
ANp’={0}. Since dim p’ is finite it follows that we can find a finite set
My, - -+, M, of left ideals in F(¥f) such that PN - - - "My’ = {0}.
Put Mo=PuN - - - NI,. Then My DEE and dim B/Mo < D, dim B/,
< . Hence M & F(%Y).

We are now in a position to prove Lemma 1 in the case ) =%I. Choose a
base Y3, - + -, ¥, for p and let Q be any monomial in S(p) constructed from
the elements of this base. Then the elements A(Q) taken together for all Q
form a base for PB. Since B=PX it follows that B=P-+BL. Now let bo be an
element of B which is not in Bf. Then by=w mod B where wEP and w=0.
Since w is a linear combination of A(Q) it could be written in the form



1954] REPRESENTATIONS OF SEMISIMPLE LIE GROUPS. II 31

w= 2, > g vy, Voo Vi (ait% % € C)
0SrSM  1S54y,..-,i,Sp

where the a’s are symmetric, i.e. @ % =ga'i% " % for any permutation
Gy oo yde) of (1, 2,--+,7). We choose M in such a way that some
atviz - iMz£(), Let b—b* denote the natural mapping and 7 the natural represen-
tation of B on B/Me=B* We know that Iy DFf and dim B*< . Let Bl
denote the Kronecker product of 8* with itself M times. Since Moy’ = {0}
it follows that 1%, Y¥, - - -, V¥ are linearly independent in 8*. Choose a
base zf, 0=<j<h, for B* such that z5=1* and z¥=V} 1<i<p, and let
Ej} be the subspace of B} spanned by elements of the form zfXziX - - -
Xz, (054, - --,1y<h) where 4,=0 for at least one » (1<r=<M). Let
wu denote the representation of g (and therefore of B) induced on the
Kronecker product 8j. Then it is easy to verify (see [2, p. 904]) that

mu(w)(1* X 1% X - - - X 1%)

=M Y ghhew(Vr X - X Vi) mod Enp.

léil .... iySp
Since 25Xz X - - - Xz}, (0541, - - -, ju=<h) is a base for B}, the elements
VEXYeX -« XVi, (1=4, - - -, ix=<p) are linearly independent mod E}.

Since some a®iz "0 it follows that the right-hand side is not congruent
to zero mod Ej; and therefore ma(w) (1¥*X1*X - - - X1*)0. On the other
hand since M,DF it is clear that 7x(X) (1*X1*X - - - X1*)=0 for all
X Ct. Therefore ma(bo) (1*¥X1*¥X -« -+ X1*)=ma(w) (1*X - - - X1*)5<0. Let
Mu be the set of all elements bEB such that wa(d) (1*X - - - X1*)=0.
Then bo&E My and My E F(XE) since dim B/My <dim BY < . This shows
that bo& A and therefore we conclude that A = Bt.

The final step. Now we come to the general case of Lemma 1. We recall
that P is the image of S(p) under . First we prove the following lemma.

LEMMA 3. Let wy, - - -, w, be a finite set of elements in B which are linearly
independent. Then there exists a left ideal MC F(XE) such that wy, - - -, w,
are linearly independent modulo M.

Let W be the space spanned by w, - -+, w,., Then WNBICPNBE
=PNPXE. Since N is a linear isomorphism of S(p) X S(f) onto B it follows
that PO\PXE= {0} and therefore WNBI={0}. Since dim W< o it follows
from what we have proved above that we can find a finite set of elements
D, - - -, M, in F(XE) such that WNPLN - - - NIM,={0}. Put M=,
N -« - NM,. Then MDOF and dim B/IM < D _15igo dim B/M; < « and there-
fore MES F(¥F). Since MNW= {0} our assertion is proved.

Let D) be the (equivalence) class of the natural representation of f on
%/9 in Lemma 1. Then we can find an irreducible representation o of g (and
therefore of 8) on a finite-dimensional space V and a vector ¢ 0 in V such
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that o(P)Y = {0 } . Let B, be the set of all elements &P such that o (b)Y =0.
Then B,DY and we may regard ¢ as the natural representation of 8 on B/%B;.

Let @ be an element in B which is not in BY =PBYP. Since N(Q) form a
base for P we can write @ in the form a= > e M(Q)xq where xgE€ ¥ and not
all xq are in 9. Let IQI denote the degree of the monomial Q and let M be
the highest integer for which there exists a monomial Qo with degree M such
that xo,&£ Y. From Lemma 3 there exists a left ideal L& F(Xf) such that the
elements A(Q) (I QI < M) are linearly independent mod 8. Let b—b* denote
the natural mapping and 7 the natural representation of 8 on B*=3/2.
Similarly let 5—5 denote the natural mapping of 8 on B =3/%,. Consider the
representation » of g induced on B*X®B. Then it is obvious that (see [5, Lem-
ma 13))

W@(1* X 1) = 2 N@)* X Zo+ 2 M@)*Xbe (b €9).
Q=M 1QI<M
Since (A\(Q))* (|Q| £M) are linearly independent and since not all #g
(| Q[ = M) are zero it follows that »(a)(1*X1)#0. Let M be the set of all
bEPB for which »(b)(1*X1)=0. Since 7w(X)1*=0 (X&¥) it follows that
MDYP. Moreover dim B/M=dim (B*XB) <~ and therefore MEF(Y).
Since a &M, Lemma 1 and therefore Theorem 1 is proved.

2. Proof of Theorem 2. Let A be an associative algebra with 1 and let
D4, M, be two left ideals in A. Let 7, m, be the natural representations of %A
on A/, and A/M; respectively. We shall say that IM;, M, are equivalent if
there exists a linear isomorphism a of A/ P onto A/M, such that my(a)a
=am(e) (aEN).

Let £ be the centraliser of f in 8 and 8 the center of 8. If x50 is a homo-
morphism of 8 into C we denote by 3, the kernel of x in 3. Similarly for any
DoEQ we denote by Np, the kernel (in %) of any representation of ¥ which
lies in D,.

THEOREM 2. Let M (Do, x) be the set of all maximal left ideals in B which
contain No,+ Bx. Then for any MEM (Do, x), MN(LQX) is a maximal left
ideal in QX. Two elements Wy, Mz in M (D, X) are equivalent in B if and only
if MNQX and MNQX are equivalent in QX.

First we shall prove the following simple lemma.

LEMMA 4. Let 7 be a quasi semisimple representation of X on a space V.
Suppose Dy, - - -, Dw are all the distinct classes in Q which occur in = and let
Vo, be the set of those elements in V which transform under w according to ;.
Then there exist elements e, « - - , ex in X such that w(e)Y =y or 0 according as
YEVyp, or Yy & Vyp,, j#1 (1=i=N).

Let m; be the representation of ¥ induced on Vg, (1Sj<N) and let
N; be the kernel of 7; in %. Since the class D; is irreducible, N; is a maximal
two-sided ideal in ¥ and ;= N; if 155. Put R=N%,; N,. Then N is the kernel
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of w and since Dy, - - -, Dy are all the distinct classes which occur in 7 it is
clear that 9, - - -, N are the only maximal ideals in ¥ which contain N.
It is obvious that the algebra ¥* =%/ is finite-dimensional and semisimple
and PF=N,;/N, 1<j=<N, are all the distinct maximal ideals in X*. Let %X*
be the ideal complementary to 9;* Then it follows that %* - - -, ¥y is a
complete set of distinct minimal ideals in ¥*. Now since R is the kernel of ,
we may regard 7 as a faithful representation of * on V. Since 9*%*={0} it
follows that 7(N)w(X*)V=1{0} and therefore =(¥;*)VC Vo, Moreover
V=r(X*)V= Z,,l (%) V. Since the sum »_; Vi, is direct we conclude that
m(X}) V= Vo, Let e* denote the unit element of the simple algebra X*.
Then ei"e;*=0 if 77j. Select an element e;EX such that its residue class
mod N is eff. Then w(e;) V=m(e*) V= Vyp, Therefore if y & Vo, ¥=m(e;)¢
(¢S V). Hence w(e;)y =w(eFef)p=0;m(e* )qS 8:3. This proves the lemma.

Now we return to Theorem 2. Put M = M(D,, x) and N =Ny, for brevity.
Let b—b* denote the natural mapping and 7 the natural representation of 8
on B*=PB/(BN+BB,). Let 4 be the set of all aEB such that NeCBN
49838, Then 4 is a subalgebra of 8 and A DQX+BN+B B3y Let BF de-
note the set of all elements b*EB* which transform under 7 (f) according to
D (DED). Then it is obvious that By, =A*=A4/BN+B3,.

Let ME M. Denote by b—b the natural mapping and by # the natural
representation of B on B=B/M. Since MDOBN+B 3, we may identify B
with $*/M* in a natural way (972*—93?/239?+583x) Let b*—b* denote the
natural mapping of B* on B=B*/IM*. Then if By is the set of all elements
in B which transform under - #(f) according to D (DEQ), it is obvious that
Bo=Bg" Hence Bo,=A*=4. We shall now show that A is irreducible under
#(A4). Let ay, a; be two elements in 4 such that @,0. Since I is maximal,
$ is irreducible under #(B) and therefore there exists an element 5,&EB
such that #(bo)do= a1. Since B*= D oo B and dim BF < « (see Theorem 1
of [5]), it follows that there exists a finite number of distinct elements
Dy, DNER (D;=Do, 1S7<N) such that 7(bo)BH,C Dosisy B,
From Lemma 4 we can find an element e©¥% such that w(e)a*=a* or 0 ac-
cording as a* €83, or a* S B3, 1 <j< N. Then if we put b=eb, 7(0)B5,C B3,
and r(b)ao—vr(e)al—al Smce 7(0)B5,CBd, dEA and hence @ E#(A4)do.
This shows that 4 is irreducible under #(4). Since 1&EM, MMNA=A and
therefore AN is maximal in 4.

Let M, be the set of all maximal ideals in 4 which contain 8N+B3,.
We have just seen that if ME M then MNAEM 4. We shall now show that
the mapping M—MNA (MEM) is a 1-1 mapping of M onto M4. (This is
actually more than we need for Theorem 2.) Let I and I’ be two distinct
elements in M. Since they are both maximal, M+ =B and therefore we
can select 5CIM and &’ EM’ such that b+5b’=1. Choose a finite set of dis-
tinct classes Dy, - - -, Dw in @ (Dy#D;, 1<j<N) such that =(6)Bs, and
m(b')B% are both contained in Y )., B%,. In accordance with Lemma 4 we
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can pick an element e&¥ such that 7r(e)55?5,.= {0}, 1<j=<N, and w(e)a*=a*
if a*EB%,. Then if a=eb and o’ =eb’, a*+(a’)*=m(e)1* =1* since 1*C By,
It is clear that aEMNA4 and o’ EM'MNA. Since MNMNADBN+B B, it
follows that MNMA+IM'MNA=A and therefore MNA =M MNA. Now let B
be any element in M4. Put My=BB. We claim My=B. For otherwise
B*=m(B)B* where B* is the image of B in B*. Hence 1*= Y i, m(b)u*
(b:E8, u*&B*). Again we may choose a finite set of classes ©y, - - -, Dn
in @ (D;#D,, 1 S N) such that 7(0:)B%,C D esisv B, (1=i=r). Now
select ¢€X such that w(e)Bp, = {0}, 1<j<N, and w(e)a*=a* if a*EBF,.
Then

1* = r(e)1* = Y, w(ebi)uf.
i=1
Put eb;=a; and let u,; be an element in B such that its image in B* is u*.
Then since 7(a:)8%,C B, ¢:EA, and therefore > i_1 au;EB. On the other

hand
1* = ( > a.-u.-)*

i=1

and BDO BN+ B B,. Therefore B=A4 and we get a contradiction with the fact
that BEM 4. Hence M=B and therefore by Zorn’s lemma we can find a
maximal left ideal I in B which contains MNy. Then IMEM and MNA4 is a
maximal left ideal in 4 containing B. Since B is maximal, IMNA =B. This
proves that the mapping M—-MNA4 (ME& M) is a 1-1 mapping of M onto
My.

Now suppose I, M, are two elements in M. Put B;=M,N4 (z=1, 2).
We shall prove that My and M. are equivalent in B if and only if B, B, are
equivalent in A. Suppose MM, and MM, are equivalent. Then we can pick an
element 5,EB such that b6, (BEYB) if and only if bEM,. Choose
D, - -, DNER (D;# Do, 15j=N) such that (bo) *E D osisv B, and let e
be an element in ¥ such that 7(e—1)8%,= {0} and 7(¢)B%,= {0} 1< N).
Then if we put a=eb,, a€A. Moreover it is clear that 1 —e&ERCIN, and
therefore by—a = (1 —e)byEM,. Therefore ba EM., (b EDY) if and only if b&M,.
Hence ba©B; (b&EA) if and only if b&EB;. This proves that B; and B; are
equivalent in 4. Conversely let By, B; be two elements in M, which are
equivalent in 4. Then we can select an a €4 such that ba EB, (b&4) if and
only if bEB;. It is obvious that a € B,. Let Ty, M, be the left ideals in M
such that B;=0:MNA4 (1=1, 2) and let M/ be the set of all elements b in B for
which ba € I,. Since M, is maximal the natural representation of B on B/M,
is irreducible and therefore since a IN; it is clear that I/ is a maximal left
ideal equivalent to IMM,. Moreover since e €4, a*€58?5° and therefore I/
DOBN+B3,. Hence M/ €M and M/ NADB;. Since B, is maximal in 4,
By=M{NA and therefore M{ =M, in view of the result above. Hence I
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and I, are equivalent and our assertion is proved.

Now let A=L0%. Then 4 DA. We shall prove that if MEM, MNY is
maximal in ¥, Let a—a be the natural mapping and » the natural representa-
tion of 4 on A/MNA. We know that dim 4 <dim Bg,< » and » is irreduci-
ble. In order to prove that MM is maximal in U it is sufficient to prove that
4 is irreducible under »(%). Since A DX and 4 is semisimple under »(%) it
would be enough to show that if U and V are any two subspaces of & which
are stable and simple under »(%X), then VCr(A)U. It is obvious that the
representations of X induced on V and U lie in D,. Hence there exists a linear
isomorphism « of U with V such that v(z)a=ar(z) (2EX). Since »(4) is ir-
reducible it follows from Burnside’s Theorem that we can find an element
a € A such that v(a)u =au for all u S U. Then v(za)u =v(z)au =av(z)u =v(ez)u
(wE U, 2E%). For any X E¥ let p(X) denote the mapping b—[X, b] (bEA4)
of A into itself. It is obvious that p is a quasi semisimple representation of f
(and therefore of ¥) on A. Let B be the set of all 5&4 such that »(b)u =0 for
all uc U. Then p(X)aEB (X &¥) and it is obvious that B is a left ideal in 4
and BX¥CB. Hence B is stable under p(¥) and therefore p(¥Xf)a =p(fX)a CB.
Put W=p(¥)a. Then QNW is the set of all elements w& W such that
p(X)w=0 (XE¥). Hence, from Lemma 7 of [5], W=QNW+p(E)W. In
particular e=¢ mod (o(¥) W) where € QMNW. Since p(f) WCB, v(a)u=v(q)u
for all u€U. Hence V=v(a) U=»(q) UC»(A) U and our assertion is proved.

REMARK. We note for later use the fact that 4 =»(%)T which follows from
the irreducibility of 4 under »(X). If ¥ is the image of ¥ in B=B/M under
the natural mapping of B on 9, then A =By, =4.

Let M be another ideal in M and let »’ denote the natural representation
of A on A/M'NA. If M and P are equivalent in B, the representations
v and v’ of A are equivalent. Therefore the representations of U defined by
v and ¥’ are also equivalent and this proves that IMMNA and JM'NA are equiva-
lent in 9. Conversely suppose MNA and IM'NA are equivalent in . Then
spr(q) =spv’(q) for all gEA. Let a be any element in 4. Define W=p(X)a as
above. Then W= WNQ+p(f) Wand therefore a=¢g mod p(f) W where ¢EQ.
Now sp(»([X, b])) =sp(»(Xb—bX)) =0 (X E¥, bEA). Hence spr(a) =spr(q).
Similarly spv’(a) =spr’(q). Therefore spr(a) =spr’(a) for all aEA and then
it follows immediately from the theory of semisimple representations of an
associative algebra (see Appendix, Lemma 16) that » and »" are equivalent.
Hence MNMA and M'MNA are equivalent in 4. In view of the result proved
above this implies that It and P’ are equivalent in B. Hence Theorem 2 is
established.

We have established above a 1-1 equivalence-preserving correspondence
between elements of M and the maximal left ideals in A*¥=4/BN+B3,.
(We observe that BN +B B, is a two-sided ideal in A and therefore 4* is an
algebra.) Since dim A*< «, A* has only a finite number of inequivalent ir-
reducible representations. Therefore we get the following corollary.
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COROLLARY 1. M (D, x) contains only a finite number of inequivalent left
ideals.

This is the generalisation of a result which has been proved in an earlier
paper (Theorem 4 of [3]).

Let us call a representation m of B on V quasisimple if it maps every
element of 3 into a scalar multiple of the unit operator and if the representa-
tion X—w(X) (XEI) is quasi semisimple (see [5, §2]). We denote by Vg
(DEQ) the set of those elements of V which transform under #(f) according
to D.

COROLLARY 2. Let m, 7, be two quasisimple trreducible representations of B
on the vector spaces Vi, V, respectively. Choose a class D;SQ which occurs in m;
and let v; denote the representation of A= VX on Vo, induced under w; (1=1, 2).
Then vy, v are both irreducible. Moreover, if they are equivalent the same holds for
m1, 2.

Let x; be the homomorphism of J into C such that m;(z—x.(2)) =0
(2€8). We have seen above that dim V,5, <« and »; is irreducible. Now if
vy, v; are equivalent, x;=x; and D, =D,. Therefore Theorem 2 is applicable
and we conclude that m, is equivalent to .

3. Some auxiliary results. In this section we obtain two results whose full
significance will appear in a subsequent paper. We keep to the above nota-
tion.

THEOREM 3. Let M be a left ideal in M (Do, x) and 7 the natural representa-
tion of B on B*=B/M. For any DEQ let BH denote the set of elements in B*
which transform under w(X) according to ©. Then there exists an integer N such

that
*

dim Bp < Nd(D)? ®ece9
where d(D) 1is the degree of any representation in D.

The proof of this theorem is based on an unpublished result of Chevalley.
Consider the symmetric algebra S(p) over y. For any X €f define a derivation
dx of S(p) by the rule dx V= [X, Y] (YED). Let I be the set of those fES(p)
for which dxf=0 for all X &!. Let ¢ be a simple representation of f on a space
U of dimension d. Consider the Kronecker product S(p) X U. Let S, (p) de-
note the set of homogeneous elements in S(p) of degree m. We shall say that
an element in S(p) X U is homogeneous of degree m if it lies in S,,(p) X U. We
turn S(p) XU into an S(p)-module by defining f(gXu)=fgXu (f, gES(),
u & U). Let v be the representation of I on S(p) X U defined as follows:

v X)(f X u) = (dxf) X u+ f X o(X)u XetLfesm,uc ).
An element e©S(p) X U is called an invariant if v(X)e=0 for all X&¥. Let
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N be the set of all invariants. Then it is obvious that R is a module over 3.

CHEVALLEY'S THEOREM. We can choose 2d homogeneous elements ey, €s, + - -
esq 1n R such that R= Zl§i§2d Je..

CoROLLARY. The above result holds also if o instead of being stmple is sem1-
stmple.

Let U= D 1<k<s U where each Uy is stable and simple under o and the
sum is direct. Then R = D 1<k<e Rx where Fip=RN(S(p) X Us). If we apply
the above theorem to each R we get the result.

We shall now make use of Chevalley’s theorem to prove Theorem 3.
Our method is the same as that used in §2 of [5]. Let S(g) be the symmetric
algebra over g. For any X &g define a derivation Dx of S(g) by the rule
DxY=[X, Y] (YEg). Let J be the set of FES(g) for which DxF=0
for all XEg. For any FEJ we denote by Fy the restriction of F on p (see [5,
end of §2]). Let J, be the image of J under this mapping. Then we know
from [5, §3] that & is a finite J,-module and therefore we may select a finite
set of homogeneous elements wg, 1 £B=<¢, in & such that J= Zlggga Jpws.
Since ME M (Do, x) it is clear that B, {0}. Choose an element YoEB3,
(¥05%0) such that U=n(X)yY, is irreducible under 7 (X). Let ¥;, 1 =1 =<d,, be a
base for U. Let © be any class in Q. Put d=d(®) and choose a representation
o of fon a vector space V of dimension d such that ¢ is dual (or contragredi-
ent) to any representation in ©. We consider the space S(p) X UX V and the
set N of all invariants in it. Then in view of the above corollary we can ﬁnd
2dd, homogeneous elements e, (1 £k =<2dd,) in R such that

f= > Sa= X 2 Jyager.
1=5kS2ddy 1Sk=2ddy 158=2a
Put N=2ad, and the elements wgei¥ (1=B=e, 1=k=2dd,) in a sequence
es (1=B=Nd). Then ¢s are homogeneous elementsin i and R = }:’lgpgNd Jves.
Let v;, 1 £j=d, be a base for V and let

=2 ;X0 (1= 8= Nd

155d )
where €3 ;&ES(p) X U. Let N\ denote the canonical mapping of S(g) into 8
(see [5, §2]). We define a linear mapping T of S(p) XU into B* as follows:
T(f X u) = 7(A\(f))u (fE€ S, »c ).

We intend to show that the Nd? elements I'(es,;) (1=8=Nd, 1<j=d) span
BX. Since N is independent of D this would prove Theorem 3.

First of all we claim that I'(es,;) ©B%. Let v be the representation of f
on S(p) X U defined as follows:

v X)(fXu) = @xf) Xu +fX7(X)u (FeSh,ucUXecl.
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Since M(dxf) = [X, A\(f)] (see Lemma 11 of [5]) it follows that I'(»(X)(fXu))
=m(X)I'(fXu). Now consider the element e in S(P)XUXV. If e#0
the representation of I induced under » on the space Wy spanned by eg,;
(1 <j<d) is clearly contragredient to ¢. On the other hand if eg=0, Ws= { 0}
and therefore in either case I'(W;)C8%. Hence I'(es,;) €8BS, 1<B=<Nd,
1<j=<d. Now put B =T(S,(p) XU) (m=0). Since B=PX where P=N(S(p)),
it is obvious that B*=n(P)U=T(S(p) X U). Hence B*= > _ .20 B More-
over since S,(p) X U is stable under »(f) the same holds for 8B} under = (f).
Also we know that the natural representation of f on 8B* is quasi semisimple
(see Theorem 1 of [5]) and so it follows (see Lemma 6 of [5]) that B}
=) oea BpNB%. Therefore

Y B =8"=2Bn=> > BNBp = 2. 2 BnNBp.

vES m20 mz0 D'EQ DER m=20

Since the sum on the left-hand side is direct we conclude that

Bp = 3 (Br N B).

m20

Hence if A= D ,; CT'(es,;) it would be sufficient to prove that

BNV C A4 (m = 0).

Put 8*,={0}. Then the above statement is true for m = —1. Hence we may
use induction on m and assume that 7 =0. Let z* be an element in B5NB3.
We have to show that 2*&A. The representation of ¥ induced on the space
w(X)z* is semisimple. Hence it would be enough to prove that if W is any
simple subspace of w(¥)z* then W(CA. It is obvious that the representation of

f induced on W lies in ©. Hence we can choose a base w*, - - -, wf for W
such that
s(X)( 2 wEX v,-) =0 (xem
1555d

where £ is the representation of f induced on the Kronecker product WX V.
Since WCBiNB% and since Sn(p)X U is stable and semisimple under
v(¥), it is easily seen that we can select elements w;ES.,(p) X U such that
I'(w;) =wf and the space spanned by w;, 1<j=<d, is invariant and irreducible
under »(¥X). Then it is obvious that Y j<jze w;Xv; belongs to % and therefore

2w Xvi= D faes (fs € ).

j 1SB=Nd

Since w;*0 not all e can be zero. Suppose €30 for 1 =8 =0, and ¢5=0 for
Bo<B=Nd (1=B¢=<Nd). Let s be the degree of ¢ (1 =3=8). It is clear that
the homogeneous components of any element in Jp or J also belong to Jy or
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J respectively. Hence we may assume that fg is either zero or homogeneous of

degree m — 8. We may assume that fg£0 if 1<8=p; and fg=0 if 8;<B=0

(1 =B1=Bo). Choose an element Fs&J such that fs=(Fs)p. Clearly we may

assume that Fg is homogeneous of degree mg=m —ds (1 =8 =0;). But then

Fs—fs& Emﬂ>,,go Su(p)S(f) where S(f) is the symmetric algebra over I.
Now put

w¥ = D, w(NFp))T(es.5).

15858,
Since Fs&J, N(Fs) €8 (see the corollary to Lemma 11 of [5]) and therefore
w¥ = > x(\Fs)T(es,;) € A.

15858,

Hence w}*—w}’' €8B3. Moreover

wr— w¥ = 3. {T(fses.;) — T(\(Fp))T(es.5)},

15858,
T'(fses.5) — m(N(F5))T(es,5)

= {T(faes.) — T(\(fs))T(es.5)} — T(NFs — f5))T(es.5).
Since Fs—fE Zmﬁ>,,go S.(p)S(f) (1=B=p1) and T'(eg,;) ESB:, it follows that
T(\Fs — )T (es.)) € 3, m(NSu(p))Bi,

mﬂ>n§0
= X SN, UC X 8B
m5>p§0 m>u20

since

MSUONSsM) C 22 MSw(m)%E

nHgZu 20
from Lemma 13 of [5]. Moreover

T(fses,) — T(Nfe))T(es.s) € 2, T(MSu(6))U

0Su<m

(see the proof of Lemma 1 of [2]) where S,(g) is the set of all homogeneous
elements of S(g) of degree u. Since N(S.(g)) C > ozm=x MSu )X it follows
that

T(fses.s) — TO\fo))T(es.s) € > By

m>u=0

Hence

w,*—w,*'esam( > sst)=2 BB C 4

m>p20
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by induction hypothesis. Since w}’E4 it follows that w*EA and therefore
WCA. This proves our assertion and so the theorem is established.
We shall now prove a lemma which will be of use later.

LeEMMA 4. Let | be a semisimple algebra over C and U the universal enveloping
algebra of . Then there exists an element z in the center of W such that if ™ 1s any
irreducible finite-dimensional representation of U of degree d, then w(z) =d?*w(1).

Let I be a Cartan subalgebra of [ and W the Weyl group of [ with respect
to T. Let /=dim I". We choose a fundamental system of roots {a, - - -, a1}
of I (with respect to I') and introduce a lexicographic ordering in the set of all
weights of finite-dimensional representations of [ with respect to this set
(see [3, Part I]). Let B(X, Y) denote the bilinear form sp(ad X ad ¥) on [
where X—ad X is the adjoint representation of I. For every root a there
exists a unique element H,EI such that B(H, H,) =a(H) for all HET'. Let
2p be the sum of all positive roots of I and let = be an irreducible finite-
dimensional representation of I (or U) whose highest weight is A. Then we
know that the degree of = is

11 aH)

a>0

T TL#H)

a>0

where A’ =A+p (see Weyl [8]). Now we use the notation of Part III of [3].
Consider the polynomial

da

H x(H,) \?
a>0
(%) = |[sv———
H P(Ha)
a>0
in %1, -+ -, x5. It is clear that sf=f for all s&W. Hence it follows from

Lemmas 38 and 39 of [3] that f(x’) =x.(2) where z is some element in the
center of . Hence d% = xa(z). But we know that 7(z) = xa(2)7(1) (see proof of
Lemma 36 of [3]). Therefore 7(z) =d3mw(1) and this proves our assertion.

4. Proof of the main theorem. Let G be the simply connected Lie group
with the Lie algebra go. Let K and D be the analytic subgroups of G corre-
sponding to the subalgebras f, and ¢y (co is the center of f;). Let Z be the
center of G and let #—u* denote the natural mapping of K on K*=K/DNZ.
We know that K is simply connected and K* is compact (see for example
Mostow [6]). Since there is a natural 1-1 correspondence between the finite-
dimensional simple representations of K and those of £ we may regard any
DEQ as a class of representations of K. Let Q* be the set of all equivalence
classes of finite-dimensional simple representations of K*. Since every repre-
sentation ¢ of K* can also be regarded as a representation #—0o(#*) (uEK)
we may consider Q* as a subset of Q.
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Let V be a vector space over C and y,, * + -, ¥, a finite set of inde-
terminates. In §1 we have defined the space V[y]. Let W be another vector
space and 8 a linear mapping of V[y] into W[y]. We shall say that g8 is (y)-
linear if B(fv) =fB(v) for fEC[y] and v& V[y]. It is clear that any linear
mapping of V into W can be extended uniquely to a (y)-linear mapping of
V[y] into W[y]. Similarly if V is an algebra and = is a representation of
V]y] on W[y], then = will be called (y)-linear if 7(f)w=fw for fEC[y] and
wEWlyl.

LetIy, - - -, I'; be the base of ¢ introduced in §1 and let yy, - - -, ¥, be 7
independent indeterminates. If M is any integral linear function on ¢ (see §1)
we put as before T'M=T7T7 .. -I7 and yM=9y7 - - - 37 where m;
=MT;), 1=:=r. We shall now define two (y)-linear mappings 3, and (_,
of B[y] into itself. It is sufficient to define 8,(b) and B_,(b) for bEB. We have
seen in §1 that b can be written uniquely in the form b= Yy wyI'¥ where
wy EPX’. (Here P and X’ have the same meaning as in §1.) Now we write
By(d) =2 u wulY and B_,(0) = X s wuTY, where

Ty = @t "t 9™ @+ 3™,
M m m my
I y=(T1— ) l(112 i 2)) IEEE (Tr — 30 (m; = M(Ty)).
It is obvious that B,(8_,()) =B_,(8,(0)) =b for all b&EB[y]. Moreover since
'™ belongs to the center of ¥ it is clear that (8,(b2) =8,(0)8,(3) for &3 and
LISER
For any x€G and v*&EK* we define v}, H(x, v*), I'(x, v*) as in §11 of
[5]. Choose a base Zy, - - -, Z, for go over R and put Z(t)=tZi+ - - -
+t.2. (t;ER), x,=exp Z(t). Let Hy, - - -, H, be the base for by, over R
which was selected in §2 of [5]. Put
H(z o*) = D, Hifit, o),

15iSp

P(xt_ll 'D*) = Z rigi(t! v*),

1S5Sy
xor (0507 = x(D* 4, %)

where xo* is the character of K* corresponding to the class D*EQ*. It is
obvious (see the corollary to Lemma 26 of [5]) that fi(f, v*), g;(¢, v*),
x(D*, t, v*) are all analytic functions on R*XK*. Put |¢| =max; |¢;|. We
may choose €>0 so small that each of these functions can be expanded as a
power series in (¢, + « -, t,) (with coefficients which are analytic functions on
K*) which is uniformly convergent for all ¥*€K* and |t| =€ (see the proof
of Lemma 29 of [5]). Let (uy, - - -, %,) be p indeterminates independent of
01, o). I H= Y 1gis, aiHi, T'= 2 1gisr T (as, b,EC) put u(H)
= D 1sizp @itti, Y(T) = X 1<j<r bsy;. For any linear form T in (, y) we define
eT as the element 147472/2!4-T3/3!4 - - - in the ring of power series in
(u, ¥) with coefficients in C. Then it is clear that the coefficients of the series
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e vT @ v)e—ull (=) are polynomials in fi(¢, v*) and g;(¢, v*). Moreover if A
and u are any linear functions on by and crespectively, then the series resulting
under the substitution y—u and #—A (that is, y;—u(l;)), 1=j=<r, and u;
—A(H;) (1=i=p) converges absolutely to e-A® @ vg=nT&™v)  Let 2p de-
note the sum of all positive roots of g (with respect to ) under the ordering in-
troduced in §2 of [5]. Consider linear functions P, M, N on g, ¢, and by respec-
tively such that P(Z;)=p;, M(T;)=m;, N(Hy)=m: (1=5i=n, 15j=<r, 1=k
=<p) are all non-negative integers. Put Pl=2p,!p,! - - - p,! and

P n M m . N
t =tflt;’-..["p' y =yll...y:”’ m =ulnlo--u:p.
Then it follows from the above remarks that
AD*)x(D*, t, v*) e~ v (T (= L,v9) g ulH (571,99) =20 (H (3,71,99)
t
= Y. (M, N, P, v*)yMu¥ — (ltl=e
M,N,P P!

where (M, N, P, v*) are analytic functions on K*. (d(D*) is the degree of any
representation in ©*.) The above equality is to be understood in the following
sense. Firstly the coefficient of y#%¥ on the right-hand side is a power series in
(t) which converges uniformly for Itl <e and v*EK* to the coefficient of
yMyu¥N on the left. Secondly if A and u are linear functions on b, and ¢ respec-
tively, then the series obtained after the substitution y—u, #—A converges
uniformly to

D)X, 1, 1) a1, (51,920 B (21,5

for all |tl <e and v*EK*. Notice that H(x!, v*)=T(x"!, v*)=0 if x=1.
Hence the constant terms in the power series for f;(¢, v*) and g;(¢, v*) are all
zero. From this it follows immediately that for a fixed P there are only a
finite number of values of M and N such that {(M, N, P, v*)#0. Therefore
the expression

Cun(P, v¥) = D H(M, N, P, v*)yMu¥
M,N

is a polynomial in (%, y).

Let M(D*) denote the kernel (in X) of any representation of ¥ lying in
D*. Let z—z denote the natural mapping and ¢ the natural representation of
X on X/N(D*) =%. Since D*EQ* and dim X < » we can “extend” o to a repre-
sentation of K* on ¥. Put

noy(P) = f Fun(P, 7)o ()T
K‘

= X g f C(M, N, P, 1*)o(*) Tdv*
M,N K*
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where dv* is the Haar measure on K* normalised so as to make the total
measure of K* equal to 1. Then nf;(P) €%[u, y]. Let W; denote the element
Z;E¢g regarded as an element of S(g) (1=7=<#n). Consider the monomial
W(P)=WWwg - - - Wir (pi=P(Z:), 1=54=n) in S(g). Put Z(P)=NW(P))
where \ is the canonical mapping of S(g) onto B (see §2 of [5]). We know
that the elements Z(P) form a base for 8. Hence we can define a (u, y)-
linear mapping 7, of B[u, y] into X[«, y] by setting n2,(Z(P)) =5y (P). If
A and p are linear functions on %y and ¢ respectively and b is an element of
B, we shall denote by nSAD,:,(b) the value of n?i;(b) obtained under the substitu-
tion u—A, y—u. Obviously 7]?;, is a linear mapping of B into ¥. We shall use
a similar notation in other cases as well, without further comment.

In the next few lemmas we study in detail the properties of the mapping
b—ny,(0) (VED).

Put N,(D*) =B_,(N(D*)[y]) and let 4,(D*) denote the set of all ele-
ments e EB[y] such that N,(D*)a CBN,(D*). Clearly 4,(D*) is a subalge-
bra of B[y] and 4,(D*)DOX.

LEMMA 5. Let R be the set of all elements bE A ,(D*) [u] such that w2, (b) =0.
Then R is a left ideal in A ,(D*) [u].

Put A;=4,(D%) [u]. Clearly &, is a linear subspace of 4;,. We have to
show that if a(u, y) €4, and b(u, y) ER; then a(u, y)b(u, y) ER: (We write
a(u, y) and b(u, y) to emphasise the fact that they are polynomials in ()
and (y) with coefficientsin 8B). Suppose this is false. Then 7,,,(a(%, ¥)b(x, ¥))
#0. (We write 74,, instead of nu’i; for convenience.) Hence we can choose
linear functions » and u on by and ¢ respectively such that the value of
Nu,y(a(u, ¥)b(u, ¥)) obtained by the substitution u—» and y—u is not zero.
Let ao, bo denote the values of a(%, ¥) and b(«, y) under this substitution.
Then 7,,.(asbs) #0. Since %X is a simple algebra, there exists a maximal left
ideal 9 in ¥ such that 7, .(aebo) &Y. Let 9 be the complete inverse image of
9 in X. Then it is clear that the natural representation of ¥ on ¥/9=%/9)
lies in D*.

Let Ly(K*) = © be the Hilbert space of all square-integrable functions on
K*, We define (see [5, §12]) a representation m.» of G on O as follows:

(10 u(%) [)(1%) = e #1002 H L0 f(yhm1)
where xEG, v*€K*, and fE 9. Put
V(") = d@*)xo*(v*) (v* € K¥)
and let 7 be the left-regular representation of K* on L,(K*). Put

E = 4(D*) f » xo*(V* )71 (v*)dv* = f K‘aﬁ(v*)r(v*)dv*.

Then E is the orthogonal projection of $ on the space §p* consisting of all
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those elements in § which transform under 7 according to ®*. Put r =, , and
consider En(x)y. T being any linear operator on $ we denote by Tf(v*) the
value of Tf at v* (v*EK*) whenever f lies in the domain of 7. Then

Br(a) = [ 4 )m(appus—ton)du

= [ vownr@eean = [ yar-nm@pain
K* K*
since Y (v*u*1) =y (u*~v*). Hence

En(x)y(v*) = f €T (1, um) = (1 p (B (w1 wDyf (gg* 1) 7 (¥ ) (v*) due*
K.
or

Ex(x)¥ = f R (a0 g—(+20) (B L, w9 (5, 1) 7 (0*) ™.
K‘

Let U be the linear space spanned by 7(v*)y for all v**&€K*. Then U= Hg. and
dim U= (d(D*))2 We get a representation of K* on U which we again denote
by 7. 7 may therefore also be regarded as a representation of ! (or ¥) on U.
Now it is clear that 7(2)f =0 if 2EN(D*) and f& U. Hence we get a representa-
tion 7 of ¥ on U if we put 7(2)f =7(2)f (€%, fEU), 3—% being the natural
mapping of X on ¥. Let 7/ be the right regular representation of G on §. Since
Y(u*w*) =y¢(v*u*-?) it follows that r(u*)Y =7'(u*1)y. Hence

7@ (W = T@ T (WY = 7 (W )7 (@)Y z EX u* € K¥)

since right translations commute with the left translations. Now suppose
7)Y =0. Then it follows that 7(&)r(#*)¢ =0 for all u*SK*. Therefore
7(2) =0 which implies that 2=0. Thus 7(2)¢ =0 if and only if 2=0.

Let {,..(P, v*) denote the value of the polynomial ¢ (P, v*) under the sub-
stitution #—w», y—u. Then we have seen that the series Y _p {).(P, v*)tP/P!
converges uniformly to

P(Urpa) €D o= Ok 20) (B (71, 5%) if |t|<eand o* € K-

Hence

En(x)y = P 7 f Cr (P, w¥)7(u*)pdu* (It =

But it is clear from the definition of 7,,,(Z(P)) that

"ol = [P, el
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Hence

Br(et = 2 %m.,,,(zw))w (1] s 9.

But we know that ¢ is well-behaved under 7(G) (see Lemma 34 of [5]).
Hence if |¢#] is sufficiently small

tP
T(x)Y = ; Br(Z(P))tlf

where w—r(w) (wEB) denotes the representation of B induced on the space
of all well-behaved elements in w(G). The series above is convergent in
(see [5, §4]). Since E is a bounded linear operator on $ we get

P
En(zp = ¥ % X Ex(Z(P))W.
P .

Therefore

P P
; ) EXEEP) =§ 1 s Z(PDY

if Itl is sufficiently small. Hence comparing coefficients of /f on both sides
we conclude that

(1 .u(Z(P)¥ = Ex(Z(P))¥

or

T(mu(a))¥ = En(a)y (e €9).

Now b(u, ) ER. and therefore 14,,(b(%, ¥)) =0. Hence 9,,,(bo) =0. There-
fore Em(bo)y =T (1,,u(0o))¥=0. On the other hand

Er(aobo)lp = ?(ﬂr.u(aobo))\b #0

since 9,,,(@obo) 0.

Now b(u, y)EA4,. Hence B_,(R(D*))b(u, y) CBB_,(N(D*)) where B,
=%B[u, y]. But it is easy to verify that =(u)=e"™r(u*) (uEK) where
T'(») is the unique element in ¢y such that # exp (—I'(%)) belongs to the
analytic subgroup K’ of G corresponding to ¢ = [fo, fo]. From this it fol-
lows immediately that there exists a class DEQ such that B_,(N(D*))
=N(D) (N(D) being the kernel in X of any representation of ¥ which lies in
D), and U is exactly the set of all elements in § which transform under
w(K) according to D. Then N(D)beCBN(D). Hence w(bo)y €U and there-
fore m(bo)y = Em(bo)y =0. Hence

E7r(dobo)¢ = Ew(ao)r(bo)lﬁ = 0.
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As this contradicts the result above the lemma is proved.
We extend the natural mapping z—z of ¥ on ¥ to a (#, y)-linear mapping
of ¥[u, y] on %[, ¥]. Since ¥ is an algebra the same is true of ¥[«, y].

LEMMA 6. If 2EX and bEDB then noy(3b) =B, (z)10y(b). Moreover 7oy (1) =1.

Again we write 7,,, instead of 75,. Suppose 7u,,(2b) —B,(2)7u.4(b) 0.
Then we choose », u such that 9,,.(20) —B,(2)7...() #0. Hence in the above
notation we have

En(zb)¥ = 7(1,,u(zb))¥.
It is obvious that E commutes with 7(#) (¢ €K) and therefore
En(zb)y = w(2) Ex(b)¥ = m(2)7(n,.u(0))¥.

Moreover since w(x)=¢™r(u*) (u€K) it follows that m(X)$=7(X)¢
(Xer) and 7(Mp=pT)p+7(I)¢ (I'Ec) for any ¢ U. Hence w(z)¢p=
7(8.(2))¢ (2€X, & U). Therefore

Ex(zb)y = 7(Bu(2))7(nsu(®))¥ = T(Bu(2)ns.u(0))¥-
This shows that
7(10u(20) — Bu(@)0.u(B))¥ = O

and therefore 7,,,(3b) —B,(z)7..(b) =0 which contradicts our choice of », u.
Hence 74,,(2b) =B4(2)14,,(b) and similarly we prove that 7,,,(1) =1.

We use the notation of §2 of [5] and define m=be+ D ocr_ CXa
+ Zaep_ CX_.. Then m is the centraliser of by in .

LEMMA 7. Let U be the subalgebra of B generated by (1, m). Then if b&B
and z€U,

o* o —
Nu.u(02) = 14,4(0)B4(2).
For otherwise again choose », u such that 9,,,(62) —9,,.(0)B8.(2) #0. Then
we have seen above that

En(x)y = f BTG u0) = (20 (B (L) (g4 1) (%) e
K.

in the notation used above. Let M be the analytic subgroup of K corre-
sponding to my=mNEy. Then if mEK we know (see Lemma 37 of [5]) that
7(x) commutes with 7/(m*) where 7/ is the right regular representation of K*
on L:(K*). Hence

Ex(x)r'(m* )Y = 7/(m* ) Ex(x)y

- f ¢ H DG, 09) g—(20) (B L9 (9 5 1) 7/ (m*—1) 7 ().
K.
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But we have seen above that 7/(m* 1)y =7(m*)y and therefore 7/(m*-1)
7 (@*)W =1(@w*m*)Y. Therefore

Ew(x)r(m*)gl/ = f e‘l‘(l"(z‘l,v‘))e—(y‘f‘?l’)(H(z—l,v‘))‘p(-;;rl)T(v*m*)‘Pdv*'
K*

From this it follows immediately that
Ex(d)7(z") = 7(n,.u(b))7(2")¥ G escm.

But we have seen above that w(z")¢ =7(8.(2"))¥ (' €%). Therefore Er(bz)y
= Ex(b)7(8.(2))¢. Let W’ be the set of all elements wE&X such that B,(w) EU.
Since w—f,(w) (w&¥X) is a homomorphism it follows that U’ is a subalgebra
of X. Moreover ' Dm and therefore W' DU. Hence B,(2) €U and therefore

Ex(ba)¥ = 7(n, u(5))7(Bu(2))¥
= 7(1,.u(0)Bu(2))¥-
On the other hand Ex(b2)y =7(9,,.(b2))¢ and so we conclude that

‘7'(77».»(62) - ﬂv,u(b)m)\b =0

which contradicts the fact that 5,,.(b2) —7,,.(8)B84(z) 0. Thus the lemma is

proved.

We define the automorphism 6 of g and the sets P, P, and P_ of positive
roots of g (with respect to §) asin §2 of [5]. Let oy <az< - - - <a, be all the
roots in P. We recall that if « € P_ and o’ € P, then &’ >a. Suppose then that
o, ,a,&EP_and ag, - -+, a-EP, (0=s=r). First we make the fol-
lowing observation.

LemMa 8. Let pi, q; be non-negative integers such that pon+ - - - +p,o,
=Qlal+ et +q:aa- Then P3+1=P8+2= ... =P7‘=0‘
For pspi@e+ - - - +pao=(q1—p1)ou+ - - - +(¢:— ps)as. Applying 6 to
both sides we get
pestbaes + -+ phar = (@ = plau+ -+ (¢ = o
since fa=a for a ©P_. Therefore
P:+1(ac+l - 0034.1) + 11,+2(a8+2 - 0a,+2) + P + ?r(ar — oar) = 0.

But 6 <0 for a ©P,. and therefore a;—6a; >0 for ¢t >5s. Hence the above rela-
tion is possible only if p,p3= - =p,=0.

Let A be a linear function on §). We say that an element b&% is of rank
A if [H, b]=A(H)b for all HEY.

LEMMA 9. Let B be the subalgebra of B generated by (1, m+Y,). Then for
any & B there exists an element 20 B such that
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1—20E 2, X_.BX;s
a,ﬁe P4
and 2, is of the rank zero.

We use the notation of [5, §2] and the lemma above. Choose a base
Hypyy - - -, Hyfor br. Then X 4, + -+, X o, Hy, » -+, Hiy Xayy » -+ 4 Xa, 18
a base for g. Hence 2 can be written uniquely (see [2]) in the form

ml q1 qr

2= > a((p), m), (@)X e, -+ XTWHL - H Xay -+ Xa,
(P),(m),(q)

where a((p), (m), (¢)) EC. Since 2E 8, z is of rank zero and therefore it fol-
lows (see [3, proof of Lemma 36]) that a((p), (m), (g)) =0 unless pron+ - - -
+pror =1+ - - - +g.a.. Now

X o XD HY - H Xe o Xe € Y X_.BXs

«,8E P+
unless either p,1= - - - =p,=00r ga= - - - =¢,=0. Butif a((p), (m), (9))
#0we conclude from Lemma 8 that p,.1= - - - =p,=0if and onlyif geya= -

=gq,=0. Hence 2=32, mod Zq,pep+ X_.BXs where

ml__q1

20= 3 a((p), (m), (@)X Teg+++ XPaHi '+ H| Xoy+++ Xeu €,

the sum extending only to those terms for which p;=¢;=0 (s <j=r). Since 2,
is of rank zero the lemma is proved.

Since g is the direct sum of ¥, By, and n= D_.cp, CX. it follows (see 2D
that for any bEB there exist unique elements x(m,, « - -, m,) in £ such that

b= > Hy' -+ - Hp'x(my, -+, mp)ymod >, X.B.
(m) «E P+

We now define a linear mapping £, of ¥B into %[u] by setting

m.
Eu(b) = u,lml e “Ip ’x(mlr M) mp)
(m)

where u! =u;+2p(H;), 1<i<p. As before let Q denote the centraliser of ¥
in 8.

LeMMA 10. If a€Q and bEB, then £.(ba) =£.(a)tu(D).
For in the above notation
ba=Y Hy - Hyax(my, -+ ,;"p) mod 2 X.9,
(m) aE P+

since ax(my, + - -, m,) =x(my, - - - , my)a. Hence if we observe that
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H' Hy'X.E X.B (« € Py)

our assertion follows.
The significance of the mapping &, derives from the following result.

LeMMA 11. If aEQ, then 15y(a) =B, (E.(a)).

For otherwise we could choose », u such that 7,,.(a) —B.(£(a)) #0. Let N
be the analytic subgroup of G corresponding to the subalgebra no=nMg, of
go. For any x©G and v& K put x* =vxv~! and let x—Ad(x) denote the adjoint
representation of G. Extend Ad (x) to an automorphism of B over C and
put b*=Ad (v)b (bEB). Then if fEL,(K*) and w=m,,, (in the notation of
the proof of Lemma 5) we find that

"(#)f@) = f) (nE M,
T(SY) = D f(aur) (v € K),
R(Rf() = ¢+ Goxh) (o) (h € 40).

Here A, is the analytic subgroup of G corresponding to by, and log & (kEA44)
denotes the unique element H &y, such that exp H=*%. From this it follows
that if f is an indefinitely differentiable function on K* which is well-behaved
under 7 then

m(X°)f(v*) = 0 X e,
w(H°)f(v*) = (v(H) + 2p(H))f(v*) (H €by).

Now let us consider 7(a)y where ¥ is the function introduced in the proof of
Lemma 5. Let v be a fixed element in K. Since ¢ E€Q, a=a". Let a=a, mod
D ecrs XoB where

G= D Hy' -+ Hys(my, -+ ,m,) (a(ms, - + -, my) E %),
(m)

Then ¢*—a} € Y _ocp, X2B and therefore
T(QY(*) = 7(@W(*) = m(aop(v*) + é/V_;, (X )7 (@),
«EP+

where b,EB. But if we put fo=7(b.)¥ (¢ EP,) we know from our discussion
above that 7(X})f(v*) =0. Hence

(@Y (@*) = n(ao)P(v*).
We find similarly that

7(@W(*) = 2 vy T a((almy, - - -, mp) W) = 7((E(0) W(¥)

(m)
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where v! =v(H;)+2p(H,), 1 £1=<p. But Yy (v*u*1) =y (u**) (u*SK*) and
therefore

R = YY) = w(u)Y(e").
Hence we conclude that
T(2 )W (v*) = ()Y (v*) (€%
and therefore
(@)Y (v*) = w((£(a)) W (v*) = m(&:,(a))¥(v¥).

Since this is true for every v*©K*, m(a)y =(£,(a))y. Now define the projec-
tion E and the representation 7 of % as in the proof of Lemma 5. Since a €,

m(a)Y = Em(a)y =7(n..(a))¥, and
W(EV(“))'I’ = ?(B»(S'(a))‘l/

from Lemma 6. Therefore 7(n,.(a) —Bu(&(e)))¥ =0 which implies that
Mv.u(@) —Bu(£,(a)) =0. Since this contradicts our choice of v, u the lemma
follows.

In view of Lemmas 6 and 11 the mapping 7y, is now completely de-
termined on A=VX=%¥Q. If a= ) I, x;a; (x;E¥X, ¢;EQ) then

Ten(@) = X Bul@dnes(e) = 3 Bul@fu(ar).
J 7
Notice that if a=0, 8,( D_jx;t.(a;)) =0 and therefore

8 (2 x;&(a») €@ [1, 5]

J

Since this is true for every D*€Q* and since we know that NpsgeN(D*)
={0} (see [2]) it follows that B,(D; xu(a;)) =0. Hence the mapping &,,,:
Yixai—oBy( D x#.(a) (x,E%, a;EQ) is a well-defined linear mapping of
% into £[x, y] and 1%(a) = k., (@) (aE€).

Let DF be a class in Q% As before we denote by 4,(D;) the set of all
aEB[y] such that B_,(N(DF))aCBB_,(N(DF)) where Bi=B[y]. Let u be a
linear function on €. We define a 1-1 mapping D—D, of @ onto itself such that
R(D,) =P_u(N(D)) (N(D) is the kernel in X of any representation in D). In
particular put Do= (Dg),. Forany DEQlet 4(D) denote the set of all elements
a €D such that N(D)a CBN(D). If a(y) EB[y] we shall write a(u) to denote
the value of the polynomial under the substitution y—u. It is obvious that if
a(y) EA (DY), then a(n) EA(Dy).

LEMMA 12. For any a,CA (Do) we can find an element a(y) EA,(Ds)
such that ay=a(u).

Before proving this lemma we make some general observations. Put
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B,=B[y] and U=BB_,(N(D;)). Let 7 denote the natural representation
and b—b* the natural mapping of B; on By =B1/U. For any DEQ we denote
by BI(D) the set of all b*E B such that 7(B_y,(N(D)))b*=0. Put 7*(z)
=m(B_,(2)) (2€X). Then 7* is a representation of ¥ on Bf and BF(D) is
exactly the set of those elements in 8] which transform under 7* according
to ©. We shall show that 8B} = Zfbeﬂ B (D). Since 1*€BF(Dy) it is suffi-
cient to prove that V*= Y pco B (D) is invariant under w(g[y]). But it is
obvious that V* is invariant under 7 (f[y]). Therefore it would be sufficient
to show that 7(Y)b*C V* for b*CBF(D)(DEQ) and Y Ep. Let U=n*(X)b*.
Then dim U< » and the representation 7§ of ¥ induced on U under 7* is
semisimple. Moreover if XEf and YEp, XV =[X, V]+YX and [X, V]Cp.
Hence

™ X)w(¥)a* = w(c(X)¥)a* + n(V)r*(X)a* (e* € U)

where ¢ is the representation of f on p given by ¢(X) ¥V =[X, ¥]. Now we
regard pX U as a f-module under the representation g7} of £. Consider the
mapping ¢: YXa*—w(Y)a* (YEp, a*EU) of pX U onto w(p)U. Then if
X &t we may write the above relation as follows:

d(e(X)Y X a* + ¥V X 7*(X)a*) = n(X)o(¥Y X a*).

This proves that the f-module 7 (p) U is a homomorphic image of the f-module
pX U. Since ¢ and 7}; are semisimple representations, pX U is a semisimple
f-module (see Lemma 8 of [5]). The same therefore holds for w(p) U. Hence
7(p) UC V* and so our assertion is proved. Thus the representation 7* is
quasi semisimple and the sum ) geq BF(D) is direct (see Lemma 6 of [5]).

Now we come to the lemma. Put B,= Y 1<izr Bi(yi—u(ls)) where
Ty, - - -, T, is the base for ¢ which we chose in §2. Let # be the natural repre-
sentation and b—b (b &PB,) the natural mapping of B; on B/ (B, +U). We may
clearly identify 9B, with 8F/8} in the natural way. Let $(D) denote the
image of BY(D) in Bf/B¥=P;. Then B,= D pcao B(D). Moreover if
a*EBHD), T(B_,(N(D))a*={0}. Hence if ¢* is the image of a* in B(D),
#(B_u(N(D)))a*= {0} and therefore ¢* transforms under #(f) according to
D, This shows that the representation #(f) is quasi semisimple. Now it is
obvious that if a EB[y] then ¢*EBF(Df) if and only if a €4 ,(Dy). Similarly
an element a of B lies in 4(Dy) if and only if aEB(D¥). Now let aeEA4 (D).
Then it follows from what we have said above that we can find a,(y) €4 ,(DF)
such that do=a,(y). Let a;(u) be the value of ai(y) under the substitution
y—u. It is obvious that a,(y) =a,(u). Hence ay—a,(x) =0. Now it is easy to
see that if &P then 5 =0 if and only if 5EBN(Do). Hence ao—a(u) EBN(Dy)
and therefore B.(ao—a:(1)) EBN(DF) and B, (Bu(@o—a1(1)) EBB-,(N(D%))
CA,(DF). So ax(y) =B-y(Bulao—ar(w)) is in 4,(D;) and az(p) =PB-u(Bu(a0)
—a1(u)) =ao—a:(u). Therefore if we put a(y) =ai(y) +a:(y), a(n) =a, and this
proves our result.
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We shall keep D¢ fixed in the rest of this discussion. Put ;=4 ,(Dg) [4]
and let R, be the set of all a €4, such that 7, ,(a) =0 (17,,,,,=nf,‘,"). Extend
the natural mapping of ¥ on ¥=%/N(D¢*) to a (u, y)-linear mapping z—Z of
%[u, y] on 2[u, y]. Then if a €A, we can choose wCX[u, y] such that 7.,,(a)
= 1. Hence if 2=8_,(w), 1u,y(@a—2) =0 from Lemma 6. This shows that if
21, -+ -, 2a1s a base for ¥ mod N(D¢*) then Ay =Re+ D 1<i<a C[u, y]z! where
2! =B_,(2:), 1 1< d. Therefore if 5EA ,(De*) we can choose c;;(u, y) ECu, y]
such that

bri— 2 cii(w, 3)zi € R (I=i=n).

15754
Put
AT, u, y) = det (Td;; — cij(%, ¥))isi, jsas

where T is an indeterminate. Then f(T, u, ¥) is a polynomial of degree d in
T with coefficients in C[u, y]. Let x1, + - -, x; be / independent indeterminates
(I=dim §). Put x(H;) =x;, 1 £7=/, and define x(H) (HEY) by linearity. Let
W be the Weyl group of g with respect to ). We denote by f“(T, x, y)
(¢ EW) the polynomial in T (with coefficients in C[x, y]) obtained from f(T,
u, y) under the substitution u;—x(c—1H;)+p(¢71H;) —p(H;) (1=:=p). Put

F(T, =, y) = H fOUT, x, ).
EW

Then if % is the order of the group W, F is of degree dk in T. Let
xs denote the mapping of 3 into C[x] defined as follows. If z
=X m almy, - - -, m)HPH - - - HP mod Xagp BXa (almy, - - -, mi)
EC, 2E8) then x.(2) = X a(my, - - -, m)x* - - - 2%. We have seen in
[3, Lemma 36] that x, is an isomorphism of 8 into C[x]. Extend x. to a
(y)-linear mapping of 3[y] into C[x, y]. It follows from Lemma 38 of [3]
that every coefficient of F (regarded as a polynomial in T) is of the form
x=(2(y)) where z(y) is some element in B[y]. Therefore

F(T, %,5) = 2. Ta(2(y) (z(3) € B[yD.

0=S¢=<hd

For any DEQ* let ©' denote the equivalence class of the representation ¢’
of ¥ =[t, t] defined by any ¢ €D. We denote by Qp the set of those DEQ for
which ©'EQf (see §1 for the definition of Q). Then we have the following
result which is one of the main steps of our argument.

LeMMA 13. Suppose D CQF =QrMNQ*. Then
ﬁy( 2 b«zq(y)) € BND0) [y1.
0=g=<hd

First we observe that if {9} is any collection of left ideals in ¥ then
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NBY) =B(NY). For let A be the canonical mapping of the symmetric algebra
S(g) onto B. Then if {Q} is a base for S(p) we know that every element @ in
% can be written uniquely in the form a= >_¢ A (Q)2¢ (2¢E€¥) (see Lemma 12
of [5]). Since B=PBX (B=A(S())), BY=PBY and it follows that aEBY if
and only if 2¢€9 for all Q. Our assertion is an immediate consequence of
this fact.

Since ¥=%/N(D¢*) is a finite-dimensional simple algebra, N(D) =NY
where 9 runs over all maximal left ideals in ¥ containing N(D¢*). Therefore
BR(D*) =N(BY) and so it would be sufficient to prove that

ﬂy( 2 szq(y)) €89y
0SqShd

for every maximal left ideal 9 (in %) containing N(D¢*). Suppose then that
the above statement is false for some §). We shall often write b(y) instead of b
to put in evidence the fact that, being an element of 4,(D¢*), it is a poly-
nomial in (y). Since 9 is maximal it is clear that we can find m:EC (1=i=7)
such that T';—m;EYP (1 =2 =r). Therefore

m( > b%(y))s Y a(y)w; mod 8P [y]

0=<g=hd 15jSe
where wy, - - -, w.EPB¥ and a;j(y) EC[y]. (Here the notation is the same
as-in §1.) We may evidently assume that w, - - -, w. are linearly inde-

pendent mod B9 and a;(y)#0, 1<j=<e. Choose a linear function u on ¢
such that a;(u) #0 and u(T's)+ms, 1=<:=r, are all integers. It is clear that
this is possible. Then

B X b0t - T awv) € vy
0S¢Shd 15/

since w;CP¥’ and therefore B,(w;) =w;. Here b(u), 2,(u), and a;(u) are the
values of b(y), z,(y), and a;(y) respectively under the substitution y—u. Put
Du=B-x(P). Then since BY=PYP it is clear that

2 bWz — 2 aiww; € BDw

0=g¢=hd 15jSe

But D i<ise aj(u)w;EEBY because a;(u) #0. Hence

> o = s 2 os(w)ws) & 2,

1SjSe 1S5jSe
and so

> bw)z(n) & BY

0=q<hd

Let Di* be the equivalence class of the representation of ¥ defined by
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any representation of f in D¢*. It is clear that D}* is an irreducible class and
since DFCQr, D* S Q. (See §1 for notation.) Moreover I's— (u;+m;) EY,
(mi=pu(ls), 1=7=r) and u;+m,; are all integers. Let D, be the class of the
natural representation of f on %/9,. In view of our choice of the base
Ty, - - -, T,) it follows from the arguments of §1 that D, occurs in some
finite-dimensional representation of g. Therefore from Lemma 1 there exists
a left ideal 9% in B such that MDY, dim B/M < ©, and Y4 b9(u)z,(u) EM.
Since g is semisimple, we may assume that I is a maximal left ideal in 8.
Let a—a denote the natural mapping and » the natural representation of B
on B/M=PB. Then v( Y, b4(u)z,(u))15%0. Let Y0 be an element in B be-
longing to the highest weight A of ». We “extend” » to a representation of the
group G on B. Also we define a representation »* of K* by setting »*(v*)
=¢~4Ty(y) (WEK). Itis obvious that 1 transforms according to ®¢* under »*.
Put

E = d®%) f X0, (v*1)v* (v¥) do*
K‘
where xo,* is the character of K* corresponding to the class D¢*. Then
»(%)EY = d(Dy) f XD, (1) v(2)v* (v¥)9do*.
K‘

But xv=v, exp H(x, v*)-n where nEN (xEG, v&K) (the notation is the
same as in [5, §12]). Since ¥ belongs to the highest weight A, »(n)Y =y and
therefore v(xv)y =eA#E2) y(y, ). So we get

v(x)Ey = d(@t)f xgox(v*—l)eﬂ([‘(x,v*))eA(H(z,v‘))y*(v:)¢dv*.
K‘
Now E?=E and Ev*(v*) =p*(v*)E. Therefore
Ev(x)Ey = d(@:) f XQO‘((vt_l)“l)g—ﬂ(I‘(rl,v*))e—(A+2p)(H(z—l,::‘))v*(v*)'l/dv*
K‘

if we take into account the relation dvja=e2®E="" dy* (see [5, §11]).
Now if we recall the definition of 7,,4(a) =17,? ‘,’,‘(a) (a E€D) it follows immedi-
ately that

Ex@)BY = v(na, () (a€9).

Here A, is the restriction of A on b, and v is the linear mapping of ¥ into EB
defined by v(2) =v*(2) EY (3&¥). (Itis convenient to denote the corresponding
representations of K*, I, and ¥ by the same symbol v*.)

Extend » to a representation of B[u, y] by setting »(y;) =u(l:)r(1)
(1=27=7) and v»(u)=AH)»(1) (1=27=Zp). Now if a(y)C4,(DH),
B-u(N(D*))a (k) CBL_.(N(D¢*)). But it is clear that B_,(N(D¢*)) = N(D,) and
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E® is exactly the set of those elements in $ which transform under »(f) ac-
cording to D,. From this it follows that Ev(e(y))E =v(a(y))E. Hence

v(b(y)B_,,(z;) ~ Y e y)B-y(zf)) By

=1

= Ey (b(/.c)ﬁ_,.(z.') - Zr: cii(Ay, #)ﬁ—n(%')) Ey

j=1
r

= 'Y(’]A,,'” (b(ﬂ)ﬁ—u(zi) -2 Cii(An,n)ﬁ—(‘(Zj)>-

j=1

But we know that

nu.y(b(y)ﬂ—u(zi) — 3 st ;V)B-u(z,')> ~ 0,

J

Hence
(8984050 = X il 405 ) B = 0

or

v — 2 cij(Apu)¥s = 0 1=sisa

J

where Y;=v(8_,(2:)) EY =v*(2:) EY. Put g(T) = det (3;;7 — c:ii(Ap.)) 15, jsa-
Then g(T) is a polynomial in T with coefficients in C and it is obvious that
»(g(b(u)))¥:=0, 1 <i<d. On the other hand g=f+%+n (n= D .cpr, CX.)
and v(n)y={0} while »(h,)y CC¥. Moreover every element in B can be
written as a linear combination of elements of the form zan where zEX and
a and 7 are products of elements in b, and n respectively (see Lemma 12 of
[S]). Hence

EB = Ev(B)Y = Ev®)Y = vX)EY = v*(X) Ey.

Since z, « - -, 24 is a base for ¥ mod N(D¢*) it follows that EP is spanned by
Vi=v*(2:)EY,1=i<d. Moreover as 1 transforms under »* according to
D¢*, IEEP and so »(g(b(x))1=0. But it is obvious that g(T)=f(T, Ay, )
where f(T, Ay, u) is the value of f(T, u, y) under the substitution u—Ay,
y—u. Let F(T, A, p) denote the value of F(T, x, y) under the substitution
x—A (i.e. x;—A(H,), 1 =¢=<]) and y—p. Since f(T, x, y) is one of the factors
of F(T, x, v), g(T) divides F(T, A, u). Hence »(F(b(u), A, u))1=0. On
the other hand
F(Tr Av /‘) = Z TQXA(ZQ(”))

0=g=hd

where xa(2,(r)) is the value of x,(2,(#)) under the substitution x—A. Since v



56 HARISH-CHANDRA [January

is an irreducible representation with the highest weight A we know that
(see the proof of Lemma 36 of [3])

v(z,(1) = xa(z(w))r(1).

Hence

EGW, A0 = D A = r( S ).

05¢=<hd

Therefore

(2 rwsw)i-o

0=g=hd

Since this contradicts our earlier result the lemma is proved.
In order to derive the consequences of the above lemma we need the fol-
lowing simple result.

LEMMA 14. Let <A be an associative algebra and o4, - - -, 0, T a finite set
of finite-dimensional representations of <A. Let  be the direct sum of 05, 1 S1=7r.
Suppose w s irreducible and w(a) =0 whenever a(a)=0 (aSeA). Then there
exists an index 1 such that w(a) =0 whenever o;(a) =0.

Obviously a(cA) is a finite-dimensional associative algebra. Hence a(o;{)
=So+No where Nj is the radical and §, a semisimple subalgebra of a(cA).
LetS and N be the complete inverse images of S o and N respectively under
0. Since o(a)—7(a) (aCeA) is an irreducible representation of o(eA) it is
obvious that w(N) = {0} Now consider the representation ¢: o(s)—m(s)
(s&€S) of ¢(S). Since o(S) is semisimple and = is irreducible, ¢ must be
equivalent to some irreducible component of the identical representation
a(s)—0a(s). Therefore since ¢ is the direct sum of ¢, ¢ is equivalent to an
irreducible component of one of the representations o(s)—o;(s). Hence we
can choose an index ¢ such that ¢;(s) =0 implies w(s)=0. Now suppose
0:/(a)=0 (@SA). Let a=s+n (s€S, nEN). Then o:(s) = —0i(n) So:(N).
However ¢(S) is a semisimple algebra and ¢;(N) a nilpotent ideal in ¢;(cA4).
Therefore a:(S)Nai(N) = {0} Hence ¢i(s) =0 and therefore w(a) =w(s+n)
=m(s) =0. Thus o;(e) =0 implies m(a) =0 and so our lemma is proved.

We shall now apply Lemma 13 to the theory of representations of B.
Let m be a representation of B on a vector space V. For any DEQ let Vp
denote the subspace consisting of all those elements in V which transform
under 7(f) according to D. Let N(D) denote the kernel (in X) of any repre-
sentation of X in . As before, we shall say that « is quasi-simple if V
= ) pce Vo and there exists a homomorphism x of 3 into C such that
w(2)p =x(2)¢ for all z2E 8 and ¢S V. x is then called the infinitesimal char-
acter of . Consider the mapping z—x.(2) (€ 8) of 8 into C[x] which we
have already discussed above. We have seen in [3, Part III] that there exists
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a linear function A on } such that x(2) =xa(2) (2€ 8) where xa(2) is the value
of x(2) under the substitution x—A. As usual we say that 7 is irreducible if
w(B)Y =V for every nonzero ¢ in V.

Let = be a quasi-simple irreducible representation of 8 on a vector space
V such that Vg, {0} for some DyEQr. Choose a linear function p on ¢
such that I'—u(T) EN(Dy) for all 'Ec. It is clear that there exists a class
D EQ* such that N(D*) =L.(N(Do)). Let 4(Dy) be the set of all a&B for
which R(Do)a CBN(Do).

LeEMMA 15. There exists a linear function A on Yy with the following two
properties:

(1) xa s the infinitesimal character of .

(2) Let Ay denote the restriction of A on Yy. Suppose a is an element in
A (D) such that nf;’;(az) =0 for all 2EX. Then w(a)¥ =0 for every Y S Vyp,.

Let A, be the set of all a€E®Bi=B[y] such that B_,(N(DH))a
CBB_,(M(D)) (A1=4,(D¢*) in the notation of Lemma 12). Let b be any
element in A4;. Since DoENRF and since cCN(D¢*) it follows from the argu-
ment given in §1 that DFCQF and therefore

b i) €BRSHD)

05g=hd

in the notation of Lemma 13. Hence

> bug(y) € Bib,MUDL)).
05¢=hd
Extend 7 to a representation of B; by putting w(y:) =p(I)7(1) (1=Zi=7).
Then if Y © Vyp,

7By MDY = m(B,RDo))Y = 7D = {0}.

Hence

7"(' Z ban()’))‘p = 0.
0=¢<hd

It is obvious that Vg, is invariant under 7v(4,). Hence we get a representa-
tion v of 4; on Vp,. Now 4:;DQ¥ and we know from Corollary 2 to Theorem 2
that Vg, is irreducible under 7 (Q%). Therefore » is an irreducible representa-
tion of 4, on Vg,

Let A be a linear function on § such that x, is the infinitesimal character
of . We use the notation of Lemma 13 and consider the polynomials
(T, u, ), fOT, %, y) (¢&W) corresponding to the element 6&A4,;. Let
f@(T, A, p) denote the value of f(T, x, ¥) under the substitution x—A,
y—u. Put A°(H)=A(¢'H)+p(c~H)—p(H) (HEH) and let A; denote the
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restriction of A’ on by. Then it follows from the definition of f (T, x, y)
that f(T, A, u) =f(T, Aj, p) where f(T, Ay, u) is the value of f(T, u, y) under
the substitution #—Aj, y—u. Therefore

0= x( Tty

q

2 xa(ze (1) w (b)Y

V(ﬂgv f(a)(b’ A, ”)) 12 ('P S VfDo)-

Hence
(H F@@, A, u)) = v( II f@, A #))
EW
We have the base 2, - - -, 2; for ¥ mod N(De*). Put 2! =B_,(3:), 1 =Zi=d. Let

R, denote the set of all elements aEA:[u]=A4, such that 7.,,(a)=0 (9u.,
=722). We know from Lemma 5 that R, is a left ideal in 4,. Put

Rig, = Ro+ 2 Aol — A(H)) + 3 Au(y: — w(T) (o € W).
15i<p 1Sisr
For any a €4, let nA“ (a) denote the value of 71,,,(a) under the substitution

u—Ay, y—ou. Itis clear that nA" (a) =0 for aGERA . Moreover we have seen
(see p. 52) that As=%Re+ D 1oy C[u, y]at. Hence

7 !
= Ray, + Z Cszi.
1SiSd
Therefore for any a €4, we can choose ¢;& C such that
!’ ’
a= Y czimod RNag,
1SisSd
and so
’ ! I
mg.(a) = > cinay (i)
1S5isd

But, from Lemma 6, 7.,,(2!) = %; where —% is the natural mapping of ¥ on
X=%/N(Ds). Hence nA' ,(z/)=2%; and therefore

mm(a) = Z CiZi.

1Sisd

So in particular if nA;’“(a) =0, ¢;=0, 1=7=d, and therefore aEERA‘J This
proves that an element a &4, belongs to ERA» if and only if nAv (a) 0.
Since nA (X cim)= Di ¢3! (c.GC) we conclude that z{, -+, % are
linearly mdependent over C modulo SR
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Put R =N.ew Rz . We have seen above that Ar=Re + > 4. Cal.
Hence dim Az/m,\” =d and therefore dim A/R’ < hd where b is the order of
the Weyl group W Let 7 be the natural representation of 4, on A4,/R’.
Suppose 7(b) =0 for some b&A;. Then bz! EER'CSRAM (1 £4=d). But in the
notation of Lemma 13

bai — 2 cis(u, 3)2; € Ra C ER;‘;'“'

i

Since bz! ER and cij(u, y)3; —cii(Ay,)2] Eﬁ)ﬂ;_“ it follows that

d

2 cis(Ay, 0z € Rig e

i=1
Therefore in view of the linear independence of 2/ over C mod ERQ;'“ we con-
clude that c;;(A;,) =0, 1 =4, j=d. But on the other hand

(T, u, y) = det (Td:;; — ci;(u, ¥)), 1=4,j<4d
Therefore f(T, Ay, p) =T¢ and

= »(IL 16,55 0) = 6™ = 0
EW

Hence 7(b) =0 (b&EA4,) implies that »(b) is nilpotent. Let B; be the set of all

elements a ©A4; such that 7(a) =0. Then it follows that »(B;) is a two-sided

ideal in ¥(4,) all of whose elements are nilpotent. But since » is irreducible the

algebra v(4,) is simple. Hence »(B;) = {0} This shows that 7(a) =0 (e € 4.)

implies »(a) =0.

Let 7¢© denote the natural representation of A4, on A/} Ay =2 z/?)‘?,,p
where ?RAp A{\SRA‘, Let 7o be the direct sum of 7@ (¢EW). It is clear
that 74(a) =0 (¢ E4,) if and only if 7(a) =0. Therefore it is possible (from
Lemma 14) to choose a ¢ €W such that 7(?(a) =0 (a €A4,) implies »(a) =0.
Since xa=xa° (see [3, Theorem 5]) we may assume without loss of generality
thato=1.

For any e €4, let ¢(a) denote the value of a under the substitution y—upu.
We have seen in Lemma 12 that ¢ is a homomorphism of 4, onto A (D). Let
Rap.x be the set of all b&EA (Do) such that nap () =0. Let o be the natural
representation of 4(Dg) on A (Dy)/Rap.u. Suppose o(a) =0 (eSS4 (Dy)). Then
aB-u(2;) ERupyy 1=57=d. Choose bE A, such that a=¢(b). Then ¢(bz!)
=af_.(2;) and therefore 74y,.(¢(b2!/)) =0, 1=i=d. As we have seen above
this implies that bz! €ER4p,, 1 Si=d. Since A2= D 1., Cz! +Rhy, it follows
that b4,C R}, and so 7(V(b) =0 where 7V is the natural representation of
A;on Ay/RY,,. This in its turn implies that »(5) =0. But »(b) =»(¢(d)) =v(a).
Hence this proves »(a) =0 whenever o(a) =0. Since it is obvious that A (D)
=Rap.»+X the lemma follows.
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Now consider the representation may,, of G on Ly(K*) defined by

Ty (2 (%) = emHDC000) g Chy20) B o000 () (x €G, v* € K*).

Put fo(v*) =d(D*)xp,(@*"1) where xop, is the character of the class Dg*.
For any DEQ let Hop denote the set of those elements in O =L,(K*) which
transform under my,,,(K) according to . Then we know that every element
in Z:Den Ho is well-behaved (see Lemma 34 of [5]). Let b—ma,.(0) (0EDB)
denote the corresponding representation of B defined on Y .pco Do (see
Lemma 9 of [5]). It is obvious that fo& o, and may.(X)fo= Do, Let 7 be the
left regular representation of K* on §. Put ¥ =%/N(D¢*) and let 2—7(2) (2EX)
denote the corresponding representation of ¥ on $p,. Then we have seen in
the proof of Lemma 5 that

Tap.u(@)fo = T(ny.u(a))f0 (a € A(Dv)).

Moreover 7(2)fo%0 (2C€%) unless 2=0. Hence mp.(a)fo=0 if and only if
Napu(@)=0 (@EA(Dy)). Thus the natural representation of A(D,) on
A(Do)/Rap.u is equivalent to its representation on Hp, induced under map,,.

Let M* be the analytic subgroup of K* corresponding to the subalgebra
mo ="M\ (he+ Zaep_ (CX .+ CX_a)). We know that M* is compact (see
[5, §12]). Let 7’ be the right regular representation of K* on § so that
' (u*)f(0*) =f(*u*) (u*, v*CK*; fC ). Let Di* be the class dual to Dg*.
It is obvious that every element in §p, transforms under 7(K*) according to
D¢* and therefore under 7/(K*) according to Dg*. Let w* be the set of all
equivalence classes of finite-dimensional simple representations of M*. De-
note by 8*, - - -, §/*all the distinct elements in w* which occur in the reduc-
tion of D¢’ with respect to M*. Let £/ be the character of M* corresponding
to &;*. Put

B = [ o eant
M.

where d; is the degree of any representation in §;* and the Haar measure
dm* on M* is so normalised that [uy*dm*=1. It follows from the theory of
compact groups that E!/E!=6;E! (1=1, j<s) and f=E{f+ --- +E/f
(fE ©9,). We know moreover (see Lemma 37 of [5]) that 7/(m*) commutes
with may..(x) (m*E M*, xSG). Therefore the subspaces ;=E! 9, 1<j<s,
are closed invariant subspaces of § and ©o,N9;=E! Do, DD,
=231 E/ 9, Let o; denote the representation of 4(Do) induced on
E} 9, under myy,.. From Lemma 14 we conclude that there exists an index
j (say j=1) such that (®) »(a) =0 whenever o1(a¢) =0 (¢ EA4(Dy)). We now
drop the index 1 and write E’, §’*, and ¢ instead of E{, 8;*, and o, respec-

(®) We recall that » is the representation of 4(Do) on V.
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tively. Let &, 1<%, j<d, be the matrix elements of an irreducible unitary
representation of M* in §'*. Put Ej=d[y*:j(m* )7’ (m*)dm*. Then E,Ej
=FEyds and E'= ) ., Ej. Put 9:=E,;Ho,=ELE' $p, Then again since
E;, commutes with 74, ,.(x) (xEG), $: is stable under ¢(4(Dy)). Let o; de-
note the representation of A(9D,) induced on .. We conclude once more
that there exists an index ¢ (say 7=1) such that v(a) =0 whenever o:1(a) =0
(@aEA(Dy)). Since v is irreducible we can find two subspaces U;, U, of £,
(U1 DU,) which are both stable under map,.(4(Do)) and such that the repre-
sentation of 4(®,) induced on Ui/ U is equivalent to ». Choose an element
foo in Uy which is not in Us. Since foo & E7; $p, the space spanned by 7/(m*)foo
(m*E M*) is irreducible and transforms according to 6’* under 7'(M*). More-
over there exists an element Y& Vo, (Y00520) with the property that »(a)¥eo
=0 (aSA(Dy)) if and only if may,u(a)foo & Us. Let B be the set of those a
E4 (Do) for which v(a)Ye=0. Then B is a maximal left ideal in A(D,).
We shall now prove that mwap.(BB)foo #ZTap,u(B)foo. For otherwise foo
= Zi_l Tapu (@:0:)foo where a;E®B, b;&B. Consider the natural mapping
b—b* and the natural representation 7* of B on B*=B/BN(D,y). We know
(see Theorem 1 of [S]) that B*= D pco BH where B3 is the set of those
elements in B* which transform according to © under 7*(f). Pick a set of
classes Dy, + - -, DNEQ (D;# Do, 1=7=<N) such that a¥, 1=57=¢, are all
contained in Bp,+Bp,+ - - - +BP,. From Lemma 4 we can choose ¢SX
such that m*(e)b* =b* if b* By, and 7*(e)b* =0 if b*SB3,, 1 <j<N. From
this it follows immediately that foo=mapu(e)foo= i1 Tap.u(€a:id:)foo. More-
over (ea;)* S B*p, and therefore ea; EA (D). Since B is a left ideal in 4 (D),
ea:b;SB. Hence foo & may.u(B)fooC Us. Since this contradicts our choice of foo
we conclude that may ,(BB)fo0 =T ap,u(B)foo-

Let 9 be the left ideal consisting of all & for which may,.(5)fo0=0.
Then the above result shows that 8B+, B. By Zorn’s lemma we can find
a maximal left ideal N in B containing BB+N;. Then mwap,.(N)foo
Zap,u(B)f00. Let ©’ and '’ respectively be the closures in $ of the linear
spaces Tapu(B)foo and Tap,u(M)foo. It follows from Theorem 5 of [5] that
O’, " are both invariant under my,.(G) and 9’ is maximal in H’. We re-
gard U=’/ 9" as a Hilbert space in the usual way and consider the repre-
sentation v of G induced on U under ma,,,. Then v is irreducible. Let fg, de-
note the image of foo in U under the natural mapping of &’ on U. Then fg
transforms under y(K) according to ®, and therefore it is well-behaved under
v (see Lemma 34 of [5]). Moreover y(M)fg={0}. Let 3, be the set of all
elements of the form z—x(2) (2€ 3). Then BD 3, and therefore ALDOBN(Dy)
+B3,. Moreover since B is a maximal left ideal in 4(Dy), MNA(D,) =B.
Hence MNLX=BNLQX. Similarly if N’ is the set of all b6&B such that
w(0)Yoo=0 then WM DBN(Do)+BBx and AM'NQX¥=BNQX. Therefore
from Theorem 2, N and M’ are equivalent and so the representations y and
7 are infinitesimally equivalent (see [5, §10]).
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We keep to the above notation. For any D*EQ* let Hg* denote the set of
those elements in $’ which transform under 7(K*) according to D* (7 is
the left regular representation of K* on $=L,(K*)). Then it follows from
the Frobenius reciprocity relation (Weil [7, p. 83]) and our construction of
the element fqp that dim $5* =< (D*:6*)d(D*) where 6* is the class in w* dual
to &* and (D*:6*) is the number of times §* occurs in the reduction of D*
with respect to M*. Since y¥ and = are infinitesimally equivalent we get
dim Vp = (9:8)d(D) (DEN). Here § is an equivalence class of finite-dimen-
sional simple representations(*) of M defined as follows. If ¢* is a representa-
tion in 8* we define a representation ¢ of class & by o(m) = ™g*(m*)
(mEM). (D:6) is the number of times § occurs in the reduction of © with
respect to M (see Lemma 5 of [5]).

In particular since dim Vg, >0, (D:8) >0 and so there exists an element
Yo & Vo, such that m(X.)¢o=0 (¢ EP_) and w(H)Yo=Ns(H)¥o (HSh). Here
\s is the highest(®) weight of 8. Let 2 be an element in the center 3 of B. We
know (Lemma 36 of [3]) that there exists a unique element % in the subalgebra
of B generated by (1, §) such that z—hE Zae p BX.. Since z and k are
both of rank zero it follows easily that z2—hC X apcr, X—aBX;s
+ Zaep_ BX . (see proof of Lemma 9). Therefore if we extend the involu-
tion 0 of g (see §2 of [S]) to an automorphism of B we get

0(z) —0(h) € 2 XBX 5+ 2, BXa

a.ﬂ€P+ aEP_

Hence in the notation of Lemma 11,

Tasl0(2)) = BuEul0@)) = BulEul00R) + )
where w& Eae p_ BX,. Therefore
m(0(2))¥0 = w(Ea(0(R))¥o,
since (X a)Yo=0 (e EP_). Let A” be the linear function on § which coincides
with — (Ap+2p) on hyand with A\; on Hr. Similarly let A’ be the linear function

which is equal to Ay on B, and to Ns on Br. Then (A"’ +p) =A’+p and one
proves easily (%) that xa-/(2) =xa-(8(2)). Now it is clear that

m(£a,(0(1)))o = xar (D)o = xa:(6(2))¥0.

Hence 7(0(2))¥o=xa-(0(2))¢¥o. Since A’ is equal to A on §, we can replace A
by A’ in Lemma 15. Moreover A’ coincides on B with the highest weight
s of an irreducible class § of M which has the property that dim Vg
=d(D) (D:d) for any DEQ. Thus if we denote by w the set of all equivalence

(*) M is the analytic subgroup of K corresponding to mo= fo/ \(by+ Zae P (CXa+CX_4)).
(5) This means that if X is any other weight of & (\5¢)\;) then A;—A>0 (see §2 of [5]).
(%) The proof depends on a calculation very similar to the one made in [3] on p. 79.
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classes of irreducible finite-dimensional representations of M we get the
following theorem.

THEOREM 4. Let m be an irreducible quasi-simple representation of B on a
vector space V such that some DoE&Qr occurs in w. Then there exists a linear
Sfunction A on Y with the following properties:

(1) xa 1s the infinitestimal character of w,

(2) A coincides on Yy with the highest weight Ns of some 6 Cw,

(3) dim Vo =d(D)(D:4) for any DE.

(4) 7 1s infinitestimally equivalent to a representation v of G which s de-
ducible(”) from sy, where u is a suitable linear function on c.

The above theorem contains some of the results announced in an earlier
note (Theorems 1 and 2 [4(b)]). The fourth assertion of Theorem 2 follows
immediately if we take into account the definition of may,.. For let § =L,(K*)
be the Hilbert space introduced above and let ®;, O, be two classes in Q
which occur in may,,. Let g:E 9o, (¢=1, 2) and consider the scalar product
(g1, map.u(x)ge) in O. Then if a bar denotes complex conjugate,

(gl, WA”'”(x)gQ =f gl(u*)e—#(l‘(z‘l.u‘))e—(Ap-l-?P)(H(rl,u‘))g2(u:_1)du*
K‘

= f gl(uz*)e!‘(P(zv“‘))eAP(H(I.u‘))gz(u*)du*
K*

if we recall that du* =e»#E@=w)dy * (see [5, §11]). Put
o (u*) = e+ Wg,(u) ®eEK)(1=1,2)

where ¢ is some representation ;. Then ¥ is a representation of K* which
we may assume to be unitary. The complex conjugates of the matrix coeffi-
cients of g7 span the space §o,. Hence g; is a linear combination of the com-
plex conjugates of these functions. Let Eg, be the orthogonal projection of 9
on o, Then it follows that the matrix coefficients of Egpma, . (x)Eg, are
finite linear combinations of functions of the form

f gl(uz*)ell(l‘(%u'))eAp(H(Z:“‘))gz(u*"l)du*
K’

where g; is a matrix coefficient of some representation in D*. Since v is de-
ducible from my,, the same holds for the matrix coefficients for Egpy(x)Ep,
where Eg, is the orthogonal projection of the representation space §’ of ¥
on the subspace §p,; corresponding to D; (=1, 2). These matrix coefficients

(") Let o be a representation of G on a Hilbert space §. Let 9, $2 be two closed invariant
subspaces of § such that $;>9.. We regard the factor space £:/9: as a Hilbert space in the
usual way and consider the representation ¢’ of G induced on it under o. Any representation o’
obtained in this fashion is said to be deducible from o (see [4(b)].
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are analytic functions (see [5, §6]) on G and so they are completely de-
termined as soon as we know all their partial derivatives at x=1. Since v is
infinitesimally equivalent to =, it follows that the values of these derivatives
at x=1 coincide with the values of the corresponding derivatives of the
coefficients of m(x) computed with respect to suitable bases in Vg, (=1, 2).
Hence the two sets of matrix coefficients for y(x) and w(x) are identical as
analytic functions on G. In view of the above result for 4 the fourth asser-
tion of Theorem 2 of [4(b)] now follows for .

In particular if o1*,05* are both trivial representations of K*,the correspond-
ing matrix coefficient of 7 (x) is a numerical multiple of [+e#(T(=u") AP H Eu gy *,
However since the value of this coefficient for x=1 is 1 the multiplicative
constant involved must be 1.

THEOREM(®) 5. Let 7 be a quasi-simple irreducible representation of G on
a Banach space . Let Dobe a class in Qwhich occurs in w and such that (Do) =1.
Then dim Dp,=1. Choose Yy E Do, Y %0) and let u be the linear function on t
such that m(X)W=u(X)¥ (X EL). Then there exists a linear function A on )
such that the following conditions are fulfilled:

(1) A coincides with u on Yr and xa is the infinitesimal character of .

(2) If Ep, is the canonical projection of O on Do, (see [5, §8]) then

EDoﬂ-(x)'p = f eﬂ([‘(z.“‘))BA(H(I'u‘))du*¢ (x 6 G).
K*

Since d(Dy) =1 every representation ¢ €9y is abelian and therefore a(f’)
={0}. Hence DyCQr and Theorem 3 is applicable. Choose A in accordance
with Theorem 3. Then dim 99,=d(Do) (D:8) =d(Do)2=1. Since D, occurs in
w, it follows that dim $p,=1. The remaining statements follow from Theorem
3 and what we have said above.

5. Appendix. The following lemma is frequently useful.

LEMMA 16. Let <A be an associate algebra with 1 over a field K of character-
istic zero and let wy, - -+, w (7;5%0, 1 7 =<r) be a finite number of finite-dimen-
sional irreducible representations of <A no two of which are equivalent. Put s;(a)
=sp wi(a), 1=5j<r (aCA). Then the linear functions sy, - - -, s, on <A are
linearly independent over K.

Let m be the direct sum of the representations my, « - +, 7. Then A4’
=m(A) is a finite-dimensional semisimple algebra. Let N; be the kernel of
m; Since w(a)—mj(a)(aCGeA) is an irreducible representation of <4’, N/
=7(N;) is a maximal two-sided ideal in <A4’. Since <4’ is semisimple there
exists a two-sided ideal <4} in e4” which is complementary to /. It is clear
that <4} is a simple ideal of <4’. Now if k>j, m is not equivalent to m; and
therefore Ny =N/ . Hence oA} #A{ and therefore !, - - -, A/ are distinct

(8) This result was announced in [4(a)].
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minimal ideals in «4’. But e4" is the direct.sum of its simple ideals and there-
fore Mf DAy (k7). Choose e;EA such that w(e;) is the unit element of the
simple algebra <4}. Then since w(e;) CR¢ (k#j), mi(e;) =0. On the
other hand w(1—e¢;) EN/ and so 7;j(1 —e;) =0. This shows that si(e;) =0 if
k#j and s;(e;) =d; where d; is the degree of 7;. The assertion of the lemma is
now obvious.
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